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Abstract

Reliable and precise information pertaining to the position, velocity, and attitude is essential for
automated driving. This paper proposes FGO-MFI, a cost-effective and robust multi-sensor
fusion and integration localization framework that utilizes factor graph optimization. Firstly, a
tightly coupled Global Navigation Satellite Systems (GNSS)/on-board sensor fusion
localization framework is established to estimate vehicle states, including position, velocity, and
attitude. To address the large drift rate of the Inertial Measurement Unit (IMU), this study
introduces a novel IMU/Dynamics pre-integration method based on the vehicle dynamics
model. We establish a two-degree-of-freedom vehicle dynamics model utilizing measurements
from the wheel speed sensor and steering wheel angle sensor. The IMU/Dynamics factor is
devised through a close integration of the model output and IMU pre-integration, enabling the
construction of precise odometry with low-cost on-board sensors. Then, to address the issue of
the non-Gaussian distribution of GNSS pseudorange error, this paper employs a Gaussian
Mixture Model (GMM) to characterize the pseudorange noise, which is then applied to further
sensor fusion. Given the time-varying nature of pseudorange noise, the expectation
maximization algorithm is utilized to estimate GMM parameters online, leveraging the
pseudorange residuals within a sliding window. Comprehensive experiments, inclusive of
challenging scenarios such as urban canyons, tunnels, and wooded areas, have been carried out.
They affirm the superior performance of the proposed method. Experiments have shown that our
method demonstrates reliable localization across different statuses of GNSS signal, exhibiting a
39.4% improvement in the root mean square error of position error when compared to the
state-of-the-art. Additionally, this FGO-MFI is a general sensor data fusion framework and is
able to incorporate diverse sensor measurements, for example, from cameras and LiDARSs to
provide more reliable and accurate localization information.
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Gaussian mixture mode, factor graph
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1. Introduction

Automated driving system (ADS) has boosted the develop-
ment of intelligent transportation systems, contributing to
energy saving, traffic efficiency improvement, and road safety
enhancement etc. As a typical cyber-physical system, an ADS
comprises complex modules from perception, planning to con-
trol. Among these modules, reliable and accurate global loc-
alization is an essential component of ADS perception [1].
Addressing the localization challenge requires the integration
of various sensors in automated vehicles, including Global
Navigation Satellite Systems (GNSS), Inertial Measurement
Units (IMUs), cameras [2], LiDAR [3], and radar. GNSS
stands out among these for its cost-effectiveness and abil-
ity to provide global positioning services. In open sky areas,
GNSS can achieve position accuracy within 1 ~ 3 meters even
without real-time kinematic correction (RTK). However, in
scenarios such as urban canyons, tunnels, and wooded areas,
GNSS signals are prone to interference from multipath effects
and non-line-of-sight (NLOS) reception [4]. This interfer-
ence leads to pseudorange errors at levels reaching tens of
meters, significantly undermining GNSS position accuracy.
The unpredictability of positioning accuracy [5] is the main
obstacle for automated driving applications to fully rely on
GNSS, as the inconsistent accuracy is a concern in complex
and realistic scenarios.

To mitigate the errors due to multipath and NLOS recep-
tion, extensive efforts have been made and they can be
divided into two categories: hardware-based and software-
based approaches. From the angle of the first one, dual-
polarized antennas [6], and antenna arrays [7] are proposed
to reduce the interference caused by multipath. This approach
will lead to more complex hardware and inevitably increase
the cost, which prevents its commercialization in automated
vehicles. In addition, combining other available sensors on
automated vehicles with GNSS in the form of sensor fusion
is a popular trend in academia. This software-based approach
can overcome the limitations of GNSS. The fusion of sensors
such as LiDAR [8-10] and cameras [11-13] with GNSS
shows excellent performance. However, these are sensitive to
environment. Vision is significantly affected by light. LIDAR
requires enough features and the cost is also a noteworthy
issue. In contrast, IMU has been widely used because it is
not affected by the environment [14]. However, cost-effective
micro-electromechanical systems (MEMS)-IMU suffers from
uncertain noise and unstable bias error. Without GNSS cor-
rection, long-term integration results in an exponential growth
of cumulative errors [15]. Wheel Speed Sensors (WSS),
another sensor independent of GNSS and IMU, are also widely
installed in vehicles and can be used to improve the integra-
tion of GNSS and IMU performance. Existing studies have
shown that the integration of GNSS, IMU and WSS promises
to provide reliable position for autonomous vehicle naviga-
tion [16]. This is because IMU and WSS have the potential
to form a reliable and accurate odometry to cover the errors
of GNSS. Therefore, the objective of this paper is to achieve
accurate and reliable position based on IMU-WSS odometry
and by tightly coupling it with GNSS.

For IMU-WSS-based odometry, pure IMU-based or IMU
and WSS fusion methods have been explored in literature.
Purely IMU-based approaches, also known as inertial nav-
igation systems (INS) [17] or IMU pre-integration [18], are
well developed with the high-end IMU sensors. However,
when using a MEMS-IMU, the IMU-based odometry error
disperses exponentially over time due to unstable biases in
acceleration and angular velocity. Therefore, the WSS is com-
monly combined with IMU to allow for good accuracy over
relatively long periods of time, as WSS can provide accur-
ate velocity observation. [17] used the WSS measurement
as longitudinal velocity observation for the Kalman filter,
which improved the positioning accuracy of the GNSS/INS
fusion system. [19] proposed to integrate the wheel speed with
the gyroscope measurements to construct a pre-integration
and limit the roll and pitch to zero. Based on this, [16]
added acceleration measurements to the pre-integration, where
the attitude matrix in the wheel speed pre-integration was
calculated from the steering wheel angle. Since all of the
above methods were based on the assumption of vehicle
planar motion, they were unsuitable for land vehicles trav-
eling outdoors on non-flat ground. [20] integrated the angu-
lar velocity measurements from the gyroscope with the wheel
speed during the pre-integration process without applying the
plane motion assumption, achieving better accuracy. However,
all of the above methods consider wheel speed measure-
ments as longitudinal speeds. Yet, vehicles possess complex
dynamics characteristics, especially affecting the direction of
the velocity vector when the vehicle turns [21]. Therefore,
vehicle lateral dynamics modeling should be considered. [15,
22] demonstrated that considering the lateral motion of the
vehicle could significantly improve the recursive accuracy of
IMU/WSS. However, these were GNSS/IMU/WSS loosely
coupled framework based on Kalman Filter. When fewer than
four GNSS satellites are available, this may fail. Whereas
the tightly coupled framework has been shown to achieve
good results [23]. On the other hand, compared to filter-
based methods, factor graph optimization-based methods have
shown superior state estimation ability, especially when using
raw GNSS information in a tightly coupled framework under
challenging GNSS signal conditions [24]. Therefore, it is
essential to explore the high-precision integration of on-board
information in a tightly coupled framework based on factor
graph optimization. [21, 25] have shown excellent localization
performance by combining vehicle dynamics-enhanced pre-
integration with LiDAR and vision, respectively. This motiv-
ates us to explore combining it with pseudorange information
to compensate for the shortcomings of existing pseudorange,
IMU, and WSS fusion methods [26] which ignored vehicle
dynamic characteristics. As far as our knowledge extends,
the literature has yet to involve the tight integration of IMU
and vehicle dynamics with raw GNSS within factor graph
optimization.

On the other hand, it is worth noting that uncertainty
errors in GNSS may lead to performance degradation
of fusion-based localization algorithms under the challen-
ging scenarios of GNSS. Where, uncertainty errors often
include outliers, Gaussian distributed noise and non-Gaussian
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distributed noise. In [10], the Huber loss function [27] was
applied to mitigate the influence of GNSS outliers and
achieved a certain effectiveness. The algorithm is essen-
tially a classification method, and its performance depends
on the hyperparameters trained assuming the noise satisfies a
Gaussian distribution. Existing research has shown that non-
Gaussian noise introduced by multipath effects and NLOS
reception leads to noise model of GNSS would not fit a
Gaussian distribution [26]. To address this issue, [28] theor-
etically analyzed Gaussian mixture models (GMM) by sim-
ulating non-Gaussian noise. [29] implemented GMM in the
form of least square estimation called sum-mixture. These
works demonstrated good potential of GMM in handling
non-Gaussian noise problems. [30, 31] applied GMM to
GNSS position and GNSS pseudorange noise modeling, and
achieved excellent performance, respectively. [26] further
improved the accuracy of pseudorange-based GNSS position-
ing by adaptively estimating the parameters of the noise model
through alternating factor graph optimization and expectation-
maximization (EM) methods during the optimization process.
The good performance of this method in dealing with non-
Gaussian noise problems inspires us to apply it to the pseudor-
ange noise modeling in the factor-graph-based fusion frame-
work. However, the accuracy of the noise parameter estimation
method depends heavily on a good initial guess of the estim-
ated state, and the existing methods still have shortcomings in
this respect.

In this paper, we present a cost-effective and reliable local-
ization framework based on multi-sensor fusion using a factor
graph to estimate vehicle states, including position, velocity,
and attitude. We propose a novel integrated IMU/Dynamics
factors based on combining the 2D vehicle dynamic model
with the 3D kinematic model. In addition, we take into
account the time-varying characteristics of pseudorange noise
to improve the reliability of positioning. Specifically, we pro-
pose the pre-integration based on the vehicle dynamic model.
By tightly coupling dynamic pre-integration with IMU pre-
integration into a united constraint, we build accurate odo-
metry using low-cost onboard sensors. Different from the tra-
ditional assumptions of vehicle planar motion, our approach
takes into account the 6-DoF motion of the vehicle and the
dynamics characteristics of the vehicle, which lead to more
accurate relative constraints. Furthermore, we involve pseu-
dorange measurements of GNSS to the factor graph and
then perform nonlinear optimization based on a sliding win-
dow with partial marginalization to estimate vehicle states.
However, the time-varying and even non-Gaussian charac-
teristics of pseudorange noise present challenges in ensuring
fusion accuracy. Inspired by [26], we adopt GMM to model
the noise of pseudorange measurements. By utilizing the pseu-
dorange residuals within the sliding window, we employ the
EM algorithm for online estimation of the GMM paramet-
ers. These estimated parameters are then applied in the factor
graph optimization. Benefiting from the accurate odometry we
built earlier, the estimation accuracy of the noise parameters
of the pseudorange is effectively improved. To summarize, the
main contributions of this paper are:

e We propose a novel integrated IMU/Dynamics factors based
on combining the 2D vehicle dynamic model with the 3D
kinematic model. We achieve an accurate odometry using
cost-effective onboard sensors (IMU, WSS, and steering
wheel angle sensors) by tightly coupling the vehicle dynam-
ics pre-integration with the IMU pre-integration into a com-
mon constraint. This integration supports more accurate rel-
ative constraints and has the advantage that accuracy is not
affected by the environment. In particular, the dynamics pre-
integration is constructed by combining the attitude pre-
integration of the IMU with the velocity estimation based on
the vehicle dynamics model. Compared with the traditional
assumptions of vehicle planar motion, our method incorpor-
ates the angular velocity obtained from the IMU gyroscope,
which considers the three-dimensional attitude angles of the
vehicle. In addition, differing from the traditional method,
the dynamics characteristics of the vehicle are also taken
into account. This allows to obtain a more accurate dynam-
ics pre-integration.

e We propose a multi-sensor adaptive fusion framework
based on factor graph. In this framework, our proposed
IMU/dynamics factor provides accurate relative constraints,
which is tightly integrated with the raw GNSS measure-
ment for precise and reliable vehicle localization. In addi-
tion, to address the challenges posed by the time-varying
and non-Gaussian characteristics of pseudorange noise in
multi-sensor fusion, we incorporate an online estimation
of the pseudorange measurement noise model into factor
graph optimization, model using GMM. The parameters of
the GMM are estimated online from the pseudorange resid-
uals using the EM algorithm. In particular, the pseudor-
ange residuals are calculated based on the state prediction
of the IMU/Dynamics factor. As the IMU/Dynamics factor
we construct is accurate and environmentally independent,
the accuracy of GMM parameter estimation will be further
improved, thus effectively mitigating the impact of GNSS
outliers on multi-sensor fusion. Moreover, the framework
can be easily extended to adaptive fusion with other sensors
such as cameras and LiDAR.

The remainder of the paper is organized as follows: section 2
describes the overall structure of the proposed approach. The
cost-effective odometry using onboard sensors is then intro-
duced in section 3. Section 4 details the framework for multi-
sensor fusion using factor graph, and the online estimation
of the noise model for pseudorange. Section 5 provides the
experimental validation of the proposed algorithm and discus-
sion. Finally, a summary and future work are concluded in
section 6.

2. System overview

The overview of the proposed localization algorithm is
shown in figure 1. The algorithm takes inputs from multi-
sensor including GNSS receiver, low-cost MEMS IMU, WSS,
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Figure 2. Illustration of the body(-)?, IMU(-)’, ECEF(-)¢, and ENU(-)" frames.

and steering wheel angle sensor. Firstly, the IMU meas-
urements are used to construct an IMU pre-integration. To
improve the accuracy of the vehicle dynamics constraints,
an improved dynamics pre-integration is formed by combin-
ing a 2D dynamic vehicle model and a 3D kinematic model
based on the IMU attitude pre-integration. By integrating the
dynamics pre-integration with IMU pre-integration, we con-
struct the IMU/Dynamics factor based on low-cost onboard
sensors, which can provide a more accurate relative constraint.
Subsequently, when the GNSS measurements become avail-
able, necessary preprocessing steps are applied. Only meas-
urements from the GPS navigation satellite system are utilized,
while observations from other navigation satellite systems
such as Beidou are filtered out. Additionally, low-elevation and
unhealthy satellites, which are prone to errors, are excluded.
Once the preprocessing phase is completed, the factor graph
is expanded to include the IMU/Dynamics factor, clock drift
factor and pseudorange factor. In order to alleviate the prob-
lem of reduced positioning accuracy caused by time-varying

or even non-Gaussian characteristics of pseudorange noise, the
noise parameters of pseudorange factor should be estimated
before carrying out the optimization. Next, the pseudorange
residuals within a sliding window are calculated based on the
estimated states. The residuals are then used as input for the
EM algorithm to estimate the noise model for pseudorange
online, which is modeled using GMM. Finally, the estimated
noise model parameters are fed back to the factor graph optim-
ization for modeling pseudorange factor and the localization
solution are obtained by solving the factor graph.

2.1 Frames

As shown in figure 2, the coordinate systems mentioned in this
paper are as follows:

1) Body frame(-)?: it is a Cartesian coordinate system fixed
to the center of mass of vehicle. All wheel speed measure-
ments are acquired within this frame of reference.
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2) IMU frame(-)': it is a Cartesian coordinate system fixed to
the inertial sensors. The IMU is installed at the center of
the rear axle of the vehicle, which is aligned with the body
frame(-)? axes as much as possible. Consequently, we do
not differentiate between the body frame(-)? and the IMU
frame(-)’.

3) Earth-centered, Earth-fixed (ECEF) frame(-)¢: it is a
Cartesian coordinate system fixed with respect to the Earth
and rotates along with it. In this paper, we use the WGS84
realization of the ECEF frame(-)¢. The position informa-
tion of the satellites is represented in the ECEF frame(-)°.

4) ENU frame(-)": it is a widely used navigation framework
fixed to the carrier. It is aligned with the geodetic axes of
East-North-Up. The proposed vehicle localization scheme
is developed within this coordinate system.

2.2. Notation

In this paper, we use R to denote the rotation from frame(-)"
to frame(-)?. The corresponding Hamilton quaternion ¢’ is
also used, with ® representing its multiplication operation. We
utilize subscripts to denote the frame corresponding to a partic-
ular moment in time. For example, qii+1 stands for the rotation

in terms of quaternion from the frame(-)” at time # 4 to the
frame(-)” at time #;.

3. Cost-effective odometry using onboard sensors

The introduction of pre-integration theory avoids the repeated
integration of measurements in factor graph optimization,
which has the advantage of efficiency. Therefore, more atten-
tion has been paid to the pre-integration of IMU measurements
or wheel speed measurements to construct relative constraints.
However, most WSS-based pre-integration methods are with
the assumption of vehicle planar motion. And these ignore
the vehicle dynamic characteristic and may lead to reduced
accuracy for land vehicles. Therefore, we propose an integ-
rated IMU/Dynamics constraint on the basis of the 2D vehicle
dynamic model with the 3D kinematic model, which can con-
struct an accurate odometry with low-cost onboard sensors.

3.1 IMU Pre-integration

We use the methods in VINS-Mono [18] to pre-integrate IMU
measurements. Based on acceleration and angular velocity
measurements in time interval [f,#41], the pre-integration
terms of position, velocity, and rotation in continuous-time

form are
Rb*
bk+l // lkytl\+l]
gy = / (Rgf (a, — by,) ) dr
1€tk iy 1]

bk bk
Yo = / Q( — by, ) vy, dt (D
biy1 Clronn] 2 by

ba,)> d
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................................
......
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Figure 3. The 2-DOF vehicle dynamics model. /; and I, represent
the distance from the center of mass to the front and rear axles. « is
the angle of the front wheel. v presents the velocity of vehicle, vy
and vy are its components along the coordinate axis. The yaw
velocity is represented by w,, and S is the slip angle.

where
A | —|w w
Qw) 2 [ ol 0}
0 —w, w
W], =] w: 0 —w
—Wy Wy 0

where o’ bk+1 , B b1 and 'yZZ+] represent the position, velocity,
and rotation pre-integration terms from by, to by, respect-
ively. Rl,jf equals to R('yib’f), which means the rotation matrix

form of the 'y[;f. a, and w; denote the outputs of IMU at instant
t. by, and b, represent the accelerometer bias and the gyro-
scope bias, respectively.

3.2. Dynamics Pre-integration

Odometry methods based on the WSS typically consider the
speed observation as the longitudinal speed in the vehicle
frame [21]. However, vehicles exhibit complex dynamic char-
acteristics, and particularly, the direction of the velocity is
affected when the vehicle is turning. Hence, it is necessary
to consider the lateral dynamics model of the vehicle. In nor-
mal driving conditions, the vehicle model is usually simpli-
fied to a 2D vehicle dynamics model to describe vehicle lateral
motion [15] (shown in figure 3). The equation of this model is
as follows

g+ ko) B+ 5 (b= Lok oy = ke = m (B vir)
(kg — k) B+ & (Bl Bl Yo, — o = 16, P
where k; and k, represent the lateral stiffness of the front and
rear axles. I, is the moment of inertia, m is the vehicle mass.
As the vehicle makes steady-state steering motion, v, =0,
&, = 0. The slip angle 3 can be formulated as

1+211k"r I

e 3
-k 1 ©)

where the coefficient of stability K = 2 (]il — 7) I=Il+1.v,
and ; are the measurements of WSS and steering wheel angle
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sensor, respectively. According to the front wheel and steering
wheel transmission ratio i, we can obtain the angle of the front
wheel by o, = 9, /i. The velocity v, in body frame () is given
as

Vo= [vicos B vsinf, O]T. 4)

By using velocity measurements based on vehicle dynam-
ics model in time interval [#, 1], we follow the continuous-
time quaternion-based derivation as [18] to construct the
dynamic update equations of position in ENU frame,

Phi., :kaJr/ (R} ) dr. 5)

1€ [tk tkt1]

To isolate the states so that only pre-integrate the parts
related to V,, we convert to body frame. In time inter-
val [tg,fx4+1], the dynamics pre-integration expression in
continuous-time as

= / (R:3,) as ©)
" 1€tk 1] l

where nifﬁ is the dynamics pre-integration terms of position.

RZ‘ is obtained from IMU rotation pre-integration.

3.3. IMU/Dynamics pre-integration

After completing the above two pre-integration, we can get
the total IMU/Dynamics pre-integration measurements in time
interval [fy,#41] as

aZ‘;Jr] = // (Rif (a, — ba,)) dr
1€ [t tiv1]

gZ:H - / (R’,jf (a, — ba,)) dr
1€ [t tky1]

1
W= [ SR b)
1€ [t tv1] 2

| = / (R ar. 7)
S|

Note that the equation (7) is not considering the noise. In
order to compute the Jacobian matrix and covariance matrix of
IMU/Dynamics residuals in the optimization period, we intro-
duce noise and derive the discrete form of the error state kin-
ematics based on median integral. Considering two moments
t; and 7,4 in time interval [f, #;41], the time interval between
these two moments is denoted as Af,

6 Z:._,_, 5042‘
. YR e
o 50" o
br+1 | = (I+F,A) br 1 +Gr | my, | At
b, b, .
5b‘:7+1 6b‘:" n,
'k
_577b:+, | oy
0 1 0 0 0T
0 0 -R (71;: ) lar —b.. ], -R (ﬂ: ) 0 0
I lwr —bu, ], 0 1 0
=
0 0 0 0 0 0
0 0 0 0 0 0
_ by _
0 0 R (2 0 1
o0 0 0 0 0 7
_ Dy
R(ﬂbe) 0 0 0 0
0 10 0 0
G, = 8
" 0 0 I 0 0 ®)
0 0 0 I 0
L o 0 0 0 —R(v)]

Based on the linear model subjected to the Gaussian distri-
bution, we can obtain the covariance matrix transfer equation
of pre-integrated measurements as

P

bT+l

= (I+F. AP} (I+F, AN + (G- A1) Q(G-Ar)
9

where Q = diag (n,,n,,,np,, 0, ,0,). We assume that the
additive noise n,, n,, n,,, Ny, and n, are modeled as zero-
mean, white Gaussian noise.

The Jacobian matrix is propagated as

I =+FA) I

bri1

(10)

The initial Jacobian matrix is J,, = 1.

4. Multi-sensor-fusion factor graph framework

This section describes the framework of the proposed factor
graph for integrating onboard sensors with raw GNSS data to
estimate the vehicle’s state. The structure of the factor graph
is illustrated in figure 4. The IMU/Dynamics factor is repres-
ented by yellow rectangles, and the clock drift factor is rep-
resented by blue rectangles. The noise associated with these
factors is modeled using Gaussian distributions. Since this is a
commonly adopted model, we will not describe in detail. The
purple rectangles represent the pseudorange factor. To address
the challenges posed by the time-varying and non-Gaussian
characteristics of pseudorange noise in multi-sensor fusion, we
estimate the noise model for pseudorange online. Additionally,
pseudorange noise is characterized using a GMM. In the fol-
lowing, we provide a detailed discussion of each factor and the
online estimation algorithm for pseudorange noise model.
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Our proposed GNSS/Onboard sensors integration system
performs a sliding window optimization and the state vector
can be summarized as

X = [x07x17"'7xka"'7xL]

Xi = [pZAaVZNqbkvba/‘abikaétiagti 7k6 [OaL] (11)

where x stands for the states set in the sliding window and L
is the window size. x; represents the state in time #;, which
includes eighteen variables: the position pj, velocity v}, ori-
entation qj, accelerometer bias bZ, gyroscope bias bﬁ,, receiver
clock bias 8¢, and receiver clock drifting rate St.

4.1. Graph optimization

The factor graph we proposed includes IMU/Dynamics con-
straints and GNSS-related constraints. The error function of
the proposed method can be formulated as

' =argmin e 01+ L [ (2, )
ID

b e (7 ) [+ S o () [ )
(12)

where rp(x) stands for the prior information obtained from
marginalization. rlD(Z by X)s rC(Zhi X)) and 1y (Z rm,x)
represent IMU/Dynamics, clock drift, and pseudorange resid-
uals, respectively. > ,, and ) . represent the covariance
matrices of the IMU/Dynamics pre-integration and clock drift
factor, which are set based on the the Gaussian assump-
tion. The noise of pseudorange factor is modeled by GMM,
whose parameters are set via the estimation results from EM
algorithm, which will be described in section 4.4 in detail. To
address the non-linear optimization problem, we employ the
Levenberg-Marquardt algorithm in Ceres Solver [32].The spe-
cific models of above factors are given as follows.

4.2. IMU/Dynamics factor

In the time interval [, f;11], the residual that relates
the system states and pre-integrated IMU/Dynamics

measurements calculated from section 3.3 can be

formulated as

Zbi+17X) = b

—pj, +igAR -V, Atk> ap ]
Rzk (VZH—I + gnAtk - ng) ﬁbk+l

n! n
_ 2 [qh O, © (72;1)

bdk+1 - buk
bwk+1 - bwk

Ry (0, —Ph ) 70,

xyz

(13)

where g" represents the gravity vector in the ENU frame.
) GZ:+1 is the rotation error represented by euler angle, and |-,
represents the imaginary part of the quaternion.

4.3. GNSS factor

4.3.1. Pseudorange factor.  GNSS consists of four inde-
pendently operated satellite systems: GPS, GLONASS,
Galileo, and Beidou. Because the clock error of each satellite
system is different, it should be considered in the applica-
tion of multi-satellite system. Therefore, to reduce the num-
ber of states, only the GPS satellite system is used in this
paper. The GNSS receiver can obtain satellite ephemeris
and pseudorange measurements. Consider that, at time #,
the navigation satellite s; is locked. The position of satel-
lite s; (p¢,, = (X5« Y5k Z;.]) can be calculated through
ephemeris measurements. The geometric distance between
the receiver and the satellite is calculated by multiplying the
speed of light clight with the time-of-flight of a radio signal.
However, it will be affected by various errors that appear dur-
ing the signal propagation, which include atmospheric delay
0 pin.k» ionospheric delay 6py, «, receiver clock error 6, and
satellite clock error & ts; k- So the range measurements obtained
from the GNSS receiver are called ‘pseudorange’.

In the above error terms that affect the accuracy of the
pseudorange, receiver clock error 47 is the maximum com-
ponent. d7; is the difference between the receiver clock and
the GNSS reference clock. It may vary over time, so we must
estimate it along with the position of the receiver. Other errors
such as satellite clock error 6tsj’k, atmospheric delay d py, x, and
ionospheric delay d oy, « can be calculated based on ephemeris
measurements [33]. d#, and (5ts . are expressed in units of m.
At the same time, the Sagnac effect 4. caused by Earth’s rota-
tion should be considered as follows/[33]

0 = = (e s — ¥ X )

= 14
5 clight \"9A7 e T (19
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Based on the errors analysed above, the pseudorange meas-
urement can be modeled as

+ 0ty — Oty ko + O prng + O prp k + 5;}“%
(15)

e ¢
ps/-,k - prk

Png‘

where wear, is Earth’s rotation rate. p, = [X¢, Y4 Z¢ ] rep-
resents the position of the receiver’s antenna in ECEF frame.
The estimated state pj, = [X;, Y; 7] in this paper is
the position of vehicle in the ENU frame and specifically it
refers to the installation position of the IMU on the vehicle.
In order to get pﬁk, the transformation between ENU frame
and ECEF frame is required first. Then the arm l’,’ between
the GNSS antenna and the IMU also requires consideration.
Therefore, considering that at time ¢, the navigation satellite
s; is observed.The residual that relates the system states and
pseudorange measurements can be formulated as

Iy, (zrk,sj-7x> = ‘ P;,k - p;)k + 6tk - 6tsj7k + 6pkn,k

+0pipa 05k =2,
v, =T (pj +RLE) (16)
where T, is the transformation matrix between ECEF frame

and ENU frame. In this paper, it is set as a constant and calcu-
lated from the ECEF coordinates of the origin.

4.3.2. Clock drift factor.  The receiver clock error is not a
constant. It often drifts at a certain rate. We model it using the
constant clock error drift model [33], which approximates the
linear frequency drift of the receiver clock source and allows
for random walk of this drift.

~ Sty — Otx N ot
by _ |0tk — Ot |9kt
fe (ZbH" ) o |: Oty :| |:(Sl‘k+1

} . an

4.4. Pseudorange noise model estimation

Compared to the relative constraints provided by other factors,
pseudorange factors provide absolute constraints on the state.
Therefore, the quality of pseudorange measurements greatly
affects the estimation accuracy. As is well-known, the qual-
ity of pseudorange measurements is mainly influenced by
external environments. In the course of our research, we found
that the noise of pseudorange shows time-varying characterist-
ics in real-world comprehensive environments. In challenging
scenarios such as urban canyons, tunnels, and wooded areas, it
might exhibit non-Gaussian characteristics. Because the noise
parameters are unknown, the above characteristics pose chal-
lenges in fusing pseudorange information in a factor graph.
To tackle this issue, we estimate the noise model for pseudor-
ange online and adopt GMM instead of the common Gaussian
model to represent the pseudorange noise. We use the EM [26]
algorithm to estimate the GMM-based noise model online.
GMM can be expressed as follows

P (i x:) oc 35w A (,07). (18)

For a GMM composed of N Gaussian components, the con-
ditional probability can be expressed as

Pa|x) o X e (< le—m)l3 ) (9

where
CJ' = (JJj -det (Zjié)

where wj is the weight of the j Gaussian component. y; and 0]-2
represent the mean and variance of the Gaussian component,
respectively. When applying GMM to the factor graph, Sum-
mixture [29] has better performance compared with Max-
mixture [28]. It can be expressed as follows

2
Sigexp (=4 liter - m)l1% )
x*:argrr}cinzi —ln( = %2 by

(20)
7y 2 max (P (z; | x;))

where v, is a normalized constant to keep the negative log-
likelihood positive [29]. In this paper, we set v, = chj.
Equation (20) is the complete form of the cost function we con-
structed by using the pseudorange measurement in section 4.1.

For the problem of unknown noise parameters, we use EM-
based online estimation algorithm to avoid a lot of parameter
tuning work. The GMM parameter 6 used in equation (20)
is estimated by iteratively alternating between the E-step and
the M-step based on the residual sequence o. Based on the
pseudorange residual sequence within a sliding window cal-
culated by equation (16), the E-step estimates the hidden vari-
able H. oy represents the probability of e; belongs to the j
Gaussian component. Then the M-step updates the noise para-
meters based on the hidden variables. The basic flow of EM
algorithm can be found in [26]. The estimated GMM para-
meters are then applied in the factor graph optimization in
equation (12) to achieve adaptive fusion.

o={e,e,....¢5....en}
H= {O‘ﬁ}le,...M,jzl,...N
i

(2D
0= {wjvu'j?Zj 2}

J=1,..N

The difference between the research work in [26] and our
proposed method is our proposed method aims for improv-
ing the accuracy of onboard sensor-based positioning. Due
to the novel IMU/Dynamics factor which we present by con-
sideration of vehicle dynamics, our method is superior to the
method [26]. In addition, the residual accuracy used in the EM
algorithm is also improved, it will make the noise parameter
estimation of pseudorange measurement more accurate.

5. Experimental validation

In this section, the experimental platform as well as experi-
mental results and discussion are presented.
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VAT o Clock drift Covariance (O. 0 1ms’1>

Figure 5. Experimental platform: the left is the experimental
vehicle, and the right is the sensor configuration in the trunk.

Table 1. Specifications of sensors.

Sensor Parameter Value
Gyroscone Bias stability 3°/h
Y P Angular random walk  0.21°/ vh
Bias stability 80mg
Accelerometer Velocity random walk ~ /
. Position accuracy RTK 1cm + 1ppm RMS
N
GNSS recevier Velocity accuracy <0.03ms~! RMS
Position accuracy RTK 1cm + 1 ppm RMS
Velocity accuracy 0.0lms~' RMS
KVH 1750 .
Pitch and roll accuracy  0.015°
Heading accuracy 0.04°(2 m baseline)
Wheel speed Position accuracy 0.01 x Distance

5.1 Experimental set-up

To validate the proposed algorithm, comprehensive experi-
ments are conducted on the vehicle platform as shown in
figure 5 consisting of urban canyons, tunnels, and wooded
areas scenarios. During the experiments, the steering wheel
angle and wheel speed data are acquired from the controller
area network bus interface of the vehicle. Raw multi-frequency
GNSS data is collected from the Novatel 718D GNSS receiver
at 1 Hz. The automotive-grade IMU used is the ASM330LHH
from ST company, which provides acceleration and angular
velocity measurements along three axes at 100 Hz. The GNSS
receiver and IMU are integrated into a microchip controller.
The ground truth for positioning is obtained from the NovAtel
SPAN-KVH 1750, a high precision GNSS/INS integrated sys-
tem that consists of a GNSS receiver and fiber-optic gyro-
scopes. Detailed specifications of the sensors can be found in
table 1. All data are hardware synchronized.

In the factor graph optimization of our algorithm, the length
of sliding window is set to 60s for balancing the runtime and
accuracy. Additionally, from the histogram of the pseudorange
residuals in figure 7, we can observe two noticeable peaks in
the distribution. Thus at least two Gaussian components are
required to describe the pseudorange noise distribution shown
in figure 7. Therefore, we set the number of Gaussian com-
ponents in the GMM to 2, which is used in section 4.4. Table 2
summarizes the remaining parameters that are used in our pro-
posed algorithm.

Figure 6. Trajectory of the vehicle in the road experiments. The
challenging scenarios include wooded areas (a) and (b), urban
canyons (c), and tunnels (d).

In figure 6, the comprehensive experiment consisting of
various typical GNSS degradation scenarios (wooded areas
(a) and (b), urban canyons(c), and tunnels(d)) is conducted at
Tongji University, Jiading campus to verify the effectiveness
of the proposed algorithm. The experimental trajectory is illus-
trated in figure 6, in which the red line represents the vehicle
trajectory and the yellow star indicates the starting and end-
ing point of the route. The experiment includes scenarios such
as urban canyons, tunnels and wooded areas, which have been
marked with yellow circles in figure 6.

To verify the performance of the proposed method, we
compare five different algorithms: RTKLIB, 1ibRSF, GNSS/O
GMM, GNSS/IO, and GNSS/IO GMM. RTKLIB repres-
ents a pseudorange-based single point positioning algorithm
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Figure 7. The histogram of the pseudorange residuals during the
experiment(The residuals are calculated using the ground truth of
position).

implemented using the weighted least squares method [33].
Since only pseudorange measurements are used, the position
accuracy of this algorithm reflects the quality of the pseudor-
ange. Therefore, in the following discussion, we evaluate the
robustness of other algorithms based on their position accur-
acy relative to RTKLIB. 1ibRSF [26] serves as the baseline
algorithm in this paper, which tightly integrates the pseudor-
ange and the wheel speed in a factor graph. The pseudor-
ange noise is modeled by the GMM and estimated online by
the EM. The wheel speed constraint is based on the assump-
tion of vehicle planar motion. GNSS/O GMM, GNSS/IO
and GNSS/IO GMM are different variations of the algorithm
proposed in this paper. Among them, GNSS/O GMM only
integrates the dynamics pre-integration proposed in this paper
with the pseudorange factor. In this approach, the pseudor-
ange noise is also modeled using GMM and estimated online.
GNSS/IO GMM is the complete version of our algorithm,
which further incorporates the IMU pre-integration to con-
struct the IMU/Dynamics factor on the basis of GNSS/O
GMM. The difference between GNSS/IO and GNSS/IO GMM
lies in the modeling of pseudorange noise. GNSS/IO adopts
Gaussian modeling, with the variance calculated based on
signal-to-noise ratio, satellite elevation and other information
[33]. The ground truth is expressed as GT.

5.2. Validation of pseudorange noise characteristics

Figure 7 shows the histogram of pseudorange residuals
obtained from all observed satellites from the GNSS receiver
during the experiment. We can observe two peaks in the dis-
tribution, along with a significant tail on the right side. This
confirms that the pseudorange noise violates the Gaussian dis-
tribution in challenging scenarios such as urban canyons, tun-
nels, and wooded areas. At least two Gaussian components are
required to describe the distribution of the pseudorange noise
indicated in figure 7. In order to better analyze the reasons for
this phenomenon, we present the pseudorange residual-time

+ GO3
- G186

G22
. G25

residualim

D
o

150
time/s

Figure 8. The distribution of satellites and the pseudorange
residuals of each satellite. In our experiment, only eight satellites
are observed at most. The image on the left shows the distribution of
satellites observed at one time.

graph for individual satellite, as shown in figure 8. In the initial
period, as the vehicle drives in the open sky area, the pseudor-
ange residual for each satellite remains relatively stable and
close to zero. However, as the vehicle enters wooded areas
(depicted in parts (a) and (b) of figure 8), the pseudorange
residuals exhibit the overall deviation, which becomes more
obvious in scene (b) with denser tree coverage. In scenes (c)
and (d), more severe and irregular data jumps occur due to the
influence of the tall buildings on both sides. All of these lead
to the non-Gaussian distribution of the pseudorange noise.

It can be seen from figure § that the pseudorange noise
exhibits time-varying characteristics across different scen-
arios. Moreover, the noise parameters are unknown. Therefore,
in order to make better use of pseudorange data in sensor
fusion processes, online estimation of its noise parameter
becomes crucial. As can be seen from the statistical results
of position accuracy (table 3), the GNSS/IO GMM algorithm
which employs GMM for modeling pseudorange noise and
performs online estimation of noise parameters, outperforms
the GNSS/IO algorithm. The mean absolute error (MAE) of
position is reduced by nearly 2 m, and the position accuracy
is improved by 36.6% in terms of root mean square error
(RMSE). These results validate the effectiveness of employ-
ing GMM to describe the pseudorange noise and using the EM
algorithm for online estimation of GMM parameters.

5.3. Positioning accuracy evaluation experiment

The comparison of horizontal position errors is shown in
figure 9. It can be seen that the proposed GNSS/I0O GMM
algorithm achieves the best performance. To quantitatively
analyze the position errors, MAE, RMSE, and Maximum error
are employed as performance metrics. The statistical results
are shown in table 3. In terms of RMSE, there is a 39.4%
improvement compared to the baseline algorithm 1libRSF.
Further analysis is conducted to evaluate the positioning per-
formance in different scenarios. It can be seen from parts (a)
and (b) of figure 9 that the position error of RTKLIB reaches
around 8m in the wooded scenes (a) and (b), which relies
only on pseudorange position. It is consistent with the increase
of pseudorange error discussed in section 5.2. In the urban
canyon scenes (c) and (d), the pseudorange errors escalate and
accompanies by occlusion that limits satellite observations.
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Table 3. Position errors of the evaluated methods.
Our methods

Methods RTKLIB 1ibRSF GNSS/10 GNSS/O0 GMM GNSS/1I0 GMM
MAE(m) 20.237 3.017 4.326 2.643 2.298
RMSE(m) 28.548 3.833 4.453 2.821 2.324
Maximum(m) 110.699 13.214 5.804 6.263 3.431
Improvement™ 91.8% 39.4% 47.8% 17.6% /

Improvement™ means the percentage improvement of proposed method compared to the listed methods in RMSE.
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Figure 9. Positioning errors of the tested methods.

It can be seen from figure 10 that there are even cases with
fewer than four satellites observed. It will lead to the diver-
gence of RTKLIB with errors reaching tens or even hundreds
of meters (Note that for better visualization of the errors for
each method, the part with large errors of RTKLIB is trun-
cated in figure 9). Consequently, pseudorange-based position
encounters significant challenges in such scenarios. Compared
with RTKLIB, 1ibRSF has shown improvement, especially in
scenes (a) and (b). However, in the more challenging scenes
(c) and (d), error drift still occurs. In contrast, our proposed
algorithm GNSS/IO GMM consistently maintains good pos-
ition accuracy across all scenarios without being affected by
GNSS outliers. This verifies the robustness of our algorithm.

5.3.1 Influence of dynamics pre-integration.  In order to
validate the effectiveness of our proposed dynamics pre-
integration model, we compare and analyze the perform-
ance of libRSF and GNSS/O GMM algorithms. As shown in
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Figure 10. The number of satellites observed.

table 3, our algorithm GNSS/O GMM demonstrates a signific-
ant improvement in position accuracy, with a 26.4% increase
in RMSE and a reduction of 0.374m in MAE. It can be
seen from figure 9 that both algorithms achieve similar pos-
ition accuracy in the wooded scenes (a) and (b). However,
in the more challenging scenes (c) and (d), the GNSS/O
GMM algorithm exhibits significant improvements. On the
other hand, 1ibRSF obviously follows the fluctuations of the
pseudorange-based positioning in RTKLIB, which indicating
its inability to effectively mitigate the impact of GNSS out-
liers. In contrast, GNSS/O GMM performs well in this regard.
The trajectories presented in figure 11 further validate these
observations. In scenes (c) and (d), the trajectory of GNSS/O
GMM is smoother and demonstrates higher accuracy in head-
ing angle compared to 1ibRSF. This confirms the effectiveness
of adding more accurate 3D attitude constraints. It shows that
the dynamics pre-integration model proposed by us has better
performance.

In order to further analyze the significant improvement
of our proposed algorithm GNSS/O GMM compared to the
baseline algorithm libRSF in scenes (c) and (d), we separately
plot the histogram of pseudorange residuals in these scenes as
shown in figure 12. It is evident that the pseudorange error is
not consistent with the zero-mean Gaussian distribution due to
many GNSS outliers. Table 4 provides a summary of the estim-
ated GMM parameters in scene (c). We compare the estima-
tion results of GNSS/O GMM and 1ibRSF. It can be seen that
GNSS/O GMM is closer to the GT, particularly in terms of the
mean value of the component two. The parameters of compon-
ent two mainly characterizes the outlier measurements, so that
enables GNSS/O GMM to effectively mitigate their impact.
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Figure 11. Trajectories of the tested methods.

The situation in scene (d) is similar as shown in table 5. On
the one hand, GMM parameter estimation is based on pseu-
dorange residuals. Therefore, more accurate parameter estim-
ation means that the pseudorange residuals calculated by our
algorithm are more accurate. From equation (16), we can infer
that this improvement is attributed to more accurate position
estimation. Hence, it further demonstrates that our dynam-
ics pre-integration model achieves higher accuracy in position
prediction. On the other hand, the position accuracy primar-
ily depends on the odometry after suppressing the influence of
GNSS outliers. However, odometry is prone to error accumu-
lation. Parts (c) and (d) of figure 9 illustrate that the GNSS/O
GMM algorithm exhibits error drift, with the maximum pos-
ition error occurring in these scenes. This behavior is mainly
caused by the accumulation of odometry errors. Consequently,
this observation motivates us to further introduce IMU pre-
integration, particularly constraints from accelerometer meas-
urements, to establish a more accurate odometry and further
improve the position accuracy.

5.3.2. Influence of IMU/Dynamics factor.  On the basis
of dynamics pre-integration in GNSS/O GMM, we fur-
ther introduces IMU pre-integration to construct integrated
IMU/Dynamics factor, which is our complete algorithm.
Table 3 demonstrates that integrating the IMU pre-integration
leads to a 13% improvement in MAE, a 17.6% increase
in RMSE, and a reduction of 2.832m in the Maximum
error. This confirms the effectiveness of utilizing low-cost on-
board sensor odometry that adopts integrated IMU/Dynamics
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(b) The pseudorange residual histogram of scene (d).

Figure 12. The pseudorange residual histogram of scenes
(c) and (d).

Table 4. GMM parameter estimation results in scene (c).

Component 1 Component 2

Methods (Mean std weight) (Mean std weight)
GT (0.697, 3.985, 0.632) (10.445, 5.123, 0.368)
libRSF (0.002, 0.251, 0.723) (1.009, 7.631, 0.277)
GNSS/O GMM  (—0.001, 0.309, 0.868)  (6.106, 6.003, 0.132)
GNSS/IO GMM  (—0.647, 1.704, 0.661)  (9.414, 5.216, 0.339)

factors to achieve precise state estimation. Examination of
tables 4 and 5 reveals that the estimated GMM parameter
of GNSS/IO GMM is closer to GT compared to GNSS/O
GMM, particularly concerning the mean value of component
2. Consequently, the GNSS/IO GMM algorithm effectively
mitigates the impact of GNSS outliers. Moreover, figure 9,
specifically in parts (c) and (d), illustrates that GNSS/IO
GMM exhibits less error drift compared to GNSS/O GMM in
these scenarios. This suggests that the odometry, which relies
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Table 5. GMM parameter estimation results in scene (d).

Component 1

Component 2

Methods (Mean std weight) (Mean std weight)

GT (0.159, 3.698, 0.621) (14.915, 7.94, 0.379)
libRSF (—=0.070, 0.615,0.716)  (6.484,5.421, 0.284)
GNSS/O GMM  (—0.004,0.537,0.792)  (8.441, 4.929, 0.208)
GNSS/IO GMM  (—0.012, 0.747, 0.84) (10.029, 4.179, 0.16)

Table 6. Attitude and velocity errors of the evaluated methods.

GNSS/O0 GMM GNSS/I0 GMM
Methods MAE RMSE MAE RMSE
Roll —4.839 44.29 0.127 0.51
Attitude (deg) Pitch 2.556 7.56 —0.385 0.58
Yaw 0.697 3.89 —0.06 0.84
Ve —0.16 3.56 —0.002 0.061
Velocity (ms™1) Vn —0.099 2.74 0.003 0.052
Vu —0.003 0.04 —0.018 0.045

on IMU and vehicle dynamic information, offers improved
recursive accuracy. Table 6 presents a summary of the quant-
itative comparison results for attitude error and velocity error
between the two algorithms. It is evident that the integ-
rated IMU/Dynamics factors effectively enhance the estim-
ation accuracy of attitude and velocity. This improvement
primarily stems from the inclusion of more precise acceler-
ation measurements.

The experiments above verify the effectiveness of the pro-
posed method in practical application. Our work demon-
strates the potential for reliable positioning based on low-
cost on-board sensors. It shows that the proposed integrated
IMU/Dynamics factors compensate for the shortcomings of
relying on the assumption of vehicle plane motion, especially
in the GNSS challenging scenarios. Compared to the baseline
algorithm libRSF [26], which is based on traditional assump-
tions of vehicle planar motion, achieving a 39.4% improve-
ment in RMSE in challenging scenarios. In addition, our
experimental results visually demonstrate the time-varying
non-Gaussian noise characteristics of GNSS signals in com-
mon driving scenarios. Benefiting from the accurate odometry
we constructed, the estimated noise parameters of pseudor-
ange data are more aligned with the actual noise distribution.
So that our positioning results can be free from GNSS outliers.

The developed generic factor graph framework facilitates
fusion with other available sensors in ADSs. For example,
it can be further combined with carrier phase data for out-
door centimeter-level positioning, and can also be applied to
fusion with cameras and LiDAR to improve indoor positioning
accuracy.

6. Conclusion

To achieve cost-effective and reliable position, this paper pro-
poses a GNSS/onboard sensors fusion localization framework
based on factor graph optimization. The framework that we

proposed can effectively integrate onboard sensors to realize
the full potential of low-cost onboard sensors for reliable posi-
tioning. Utilizing measurements from the WSS, steering wheel
angle sensor, and MEMS-IMU, we construct novel integrated
IMU/Dynamics factors based on combining the 2D dynamic
vehicle model with the 3D kinematic model in the graph, res-
ulting in accurate odometry. Our method exhibits better per-
formance in terms of robustness and accuracy when compared
to the existing approaches 1ibRSF [26], which is based on
traditional assumptions of vehicle planar motion and ignores
vehicle dynamic characteristics. Using the reliable odometry,
we achieve accurate online estimates of GNSS noise, which
effectively mitigates the issues of position accuracy degrad-
ation caused by multipath effects and NLOS reception. The
adaptive fusion strategy can be easily extended to the fusion
of sensors such as cameras and LiDAR.

Future research will primarily focus on the following areas.
Firstly, we find that the window size of EM algorithm signific-
antly affects the accuracy of noise parameter estimation. The
window size should be dynamically adjusted to adapt to the
environment and track changes in signal quality over time.
Secondly, we will introduce additional sensor data such as
cameras, LiDAR, and carrier phase to achieve reliable indoor
and outdoor positioning.
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