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Abstract— Accurate and safety-quantifiable localization is of
great significance for safety-critical autonomous systems, such
as Autonomous ground vehicles (AGVs) and autonomous aerial
vehicles (AAVs). The visual odometry-based method can provide
accurate positioning in a short period but is subject to drift
over time. Moreover, the quantification of the safety of the
localization solution (the error is bounded by a certain value)
is still a challenge. To fill the gaps, this paper proposes a
safety-quantifiable line feature-based visual localization method
with a prior map. The visual-inertial odometry provides a
high-frequency local pose estimation, which serves as the initial
guess for the visual localization. By obtaining a visual line
feature pair association, a foot point-based constraint is proposed
to construct the cost function between the 2D lines extracted
from the real-time image and the 3D lines extracted from the
high-precision prior 3D point cloud map. Moreover, a global
navigation satellite system (GNSS) receiver autonomous integrity
monitoring (RAIM) inspired method is employed to quantify the
safety of the derived localization solution. Among that, an outlier
rejection (also well-known as fault detection and exclusion)
strategy is employed via the weighted sum of squares residual
with a Chi-squared probability distribution. A protection level
(PL) scheme considering multiple outliers is derived and utilized
to quantify the potential error bound of the localization solution
in both position and rotation domains. The effectiveness of the
proposed safety-quantifiable localization system is verified using
the datasets collected by AAV and AGYV in indoor and outdoor
environments, respectively. The open-source code is available at
https://github.com/ZHENGXi-git/SafetyQuantifiable-PLVINS

Index Terms— Safety quantification, state estimation, visual
localization, prior map, outlier rejection, protection level.

I. INTRODUCTION

CCURATE, cost-effective, and reliable localization is
of great importance for the realization of safety-critical
autonomous navigation systems, such as autonomous ground
vehicles (AGV) [1], [2] and autonomous aerial vehicles (AAV)

Received 28 November 2022; revised 16 October 2023, 7 May 2024,
and 13 March 2025; accepted 4 May 2025. This work was supported in part by
the Innovation and Technology Fund under the Project Safety-Certified Multi-
Source Fusion Positioning for Autonomous Vehicles in Complex Scenarios
(ZPER), in part by the Germany/Hong Kong Joint Research Scheme under
the project Maximum Consensus Integration of GNSS and LiDAR (RADM),
in part by the Research Center of Deep Space Exploration (RC-DSE) under
the Project Multi-Robot Collaborative Operations (BBDW), and in part by
the PolyU Research Institute for Advanced Manufacturing (RIAM) under the
Project Autonomous Aerial Vehicle Aided High Accuracy Addictive Man-
ufacturing for Carbon Fiber Reinforced Thermoplastic Composites Material
(CDS8S). The Associate Editor for this article was F. Wang. (Corresponding
author: Weisong Wen.)

The authors are with the Department of Aeronautical and Avia-
tion Engineering, The Hong Kong Polytechnic University, Hong Kong
(e-mail: zheng-xi.zheng@connect.polyu.hk; welson.wen@polyu.edu.hk; It.
hsu@polyu.edu.hk).

Digital Object Identifier 10.1109/TITS.2025.3572620

[3]. The global navigation satellite system (GNSS) [4] is
widely used for providing globally-referenced positioning for
autonomous systems with navigation requirements. However,
positioning accuracy is severely degraded in highly urbanized
cities such as Hong Kong, due to signal reflection caused
by static buildings leading to the notorious non-line-of-sight
(NLOS) receptions [5] and multipath effects, so-called GNSS
outlier measurements.

Instead of relying on the GNSS, the prior map-based light
detection and ranging (LiDAR) localization methods [6], [7]
attracted lots of attention due to their robustness and accuracy,
where the matching between the real-time point clouds and
the prior map was employed to estimate the location of
the system within the map. However, the consumption of
computational resources in point clouds registration [8] and
the high-cost LiDAR sensor limit the massive deployment of
these localization solutions [9]. Recently, the 2D visual-based
localization in a 3D prior map attracted lots of attention, since
this data fusion technique offers considerable potential for
balancing the localization performance of AGVs and AAVs
across factors such as cost-effectiveness, real-time, accuracy,
and robustness [10], [11], [12], [13]. But the visual localization
within the prior map is still challenging, due to the pattern
difference between the 2D pixel texture measurements from
the visual image and 3D point cloud information from the
prior map [14]. Moreover, reliably quantifying the safety of
the derived localization results is significant for safety-critical
autonomous systems. the navigation solution is certified as
safe only when its potential error is quantifiable. However,
the safety quantification of the map-based localization method
is still an open question.

A. Visual Localization With Prior Point Cloud Map

To fill the gap between the 2D image and 3D point
cloud, some researchers transform data into the same dimen-
sional space for the association. For example, the photometry
matching-based methods proposed to project 3D points into
synthetic images and match them within an intensity image by
maximizing the normalized mutual information [15] or min-
imizing the normalized information distance [16]. However,
the nonlinear projection transformation from points to images
would be challenged by the discreteness of the point cloud
and limit the localization accuracy. Besides, the geometry
matching-based methods employed bundle adjustment (BA)
[17] to reconstruct a point cloud, and then aligned the two
point clouds with registration methods, such as the iterative
closest point (ICP) [8], and normal distribution transform
(NDT) [18], [19]. The hybrid of photometric and geometric
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methods calculated two types of depth images from point
clouds and a stereo camera, respectively, and then compared
them for camera localization [11], [20]. However, large-scale
BA operation is time-consuming, and the point cloud recon-
structed based on image features is usually sparse. Meanwhile,
the range of the depth recovery from the stereo camera is lim-
ited because of the requirement for dense texture information.

The other research stream proposed to match the 2D repre-
sentative features with the 3D point cloud by estimating the
scale and the pose of the system simultaneously. For example,
Caselitz et al. proposed a 7-DoF ICP scheme to estimate the
scale and pose between 3D LiDAR map and sparse points
calculated from BA method [21]. Liu et al. [10] exploited
global contextual information between 2D images and 3D
point map to handle the matching ambiguity and solve it on
a Markov graph structure by a random walk algorithm. These
methods only exploited the potential of corner features but did
not fully explore the geometry information (such as lines) from
environments. It cannot be ignored that high-definition (HD)
map-based localization is favored by academia and industry
in autonomous driving [22]. Specifically, Schreiber et al. [23]
matched road lane markings and curbs detected on stereo
camera with an HD-map for localization by Kalman Filter,
where the maps are created by a sensor setup containing a high
precision GNSS unit, Velodyne laser scanner, and cameras.

In addition, some researchers applied semantic informa-
tion to get cross-modal correspondences between 2D image
matching with 3D prior maps to solve localization prob-
lem. Specifically, Liang et al. constructed a hybrid constraint
with Dirichlet distribution between semantic and struc-
ture information from prior maps, and then applied the
Expectation-Maximization algorithm to jointly optimize data
associations and poses [24]. Zhang et al. utilized seman-
tic information to build a point-to-plane ICP algorithm for
cross-model registration and executed localization task by a
decoupling optimization strategy [25]. Qin et al. [9] pro-
posed a lightweight HD-map composed of semantic elements
such as lane lines, crosswalks, and ground signs on the
road. Vehicles are localized in the semantic map by online
image segmentation and the ICP method. Zhou et al. [26]
developed a unified pose graph-based estimator including
crowd-sourced mapping and a low-cost map-aided localization
system based on the semantic road marking. On the other hand,
some learning-based networks conducted image-to-point cloud
registration by training various datasets, but these methods
ultimately suffer from the dependence on labeled datasets and
limited generality [27], [28].

Interestingly, the line feature was utilized by
visual-simultaneously localization and mapping (VSLAM)
communities [29], [30], [31] where the lines are employed
as an additional feature correspondence to estimate the
motion of the system. In some low-textured areas (the
conventional corner features are limited), line segments
containing geometrical structure information are particularly
effective [32]. Furthermore, lines usually have more stable
constraints than points in both 3D space and 2D images,
as a line segment consists of multiple points [33]. The
results [29], [30] revealed that the line features could
effectively exploit the potential of the geometry information
within the environment. Considering point clouds with salient
structural information and the potential of the prior map, the
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work in [34] proposed a line feature-based visual localization
method where the 2D line feature was associated with the
3D lines extracted from the prior point cloud map aided
by the high-frequency initial guess of the pose from the
visual-inertial navigation system (VINS) [35]. However,
the work in [34] constructed the constraints of the line
correspondence based on the line-to-line distance, which
fails to fully explore the geometric correlation of the line
features. As an extension, this paper proposes an improved
line feature-based point-to-point constraint model aided by a
carefully designed line correspondence selection strategy to
achieve reliable visual localization within the prior map.

B. Safety Quantification of Localization Solution

When the localization errors can be estimated and mon-
itored simultaneously, it is possible to determine whether a
navigation system is safe or not [36]. Here, we introduce the
concept of safety quantification, a mechanism that can predict
and monitor localization errors within a navigation system.
By quantifying these errors, it becomes possible to assess
the system’s safety in real-time. This approach enables a sys-
tematic evaluation of whether the navigation system operates
within safe parameters, ensuring both reliability and accuracy.
Safety quantification provides a framework for understanding
and interpreting the prediction of localization errors, thereby
enhancing the overall safety of navigation systems. Reliably
quantifying the safety of the derived localization solution is
significant for safety-critical autonomous systems before their
massive production and deployment. For autonomous driving
vehicles, a large localization error can affect the subsequent
planning and decision-making steps of the vehicle, which may
lead to serious safety accidents. Consequently, localization
error prediction is important and necessary to reduce the
probability of safety accidents and guarantee the correctness
of decision-making. Unfortunately, the safety quantification of
the map-based localization solution has not been effectively
studied, which still has a big gap in front.

For state estimation problem, the positioning accuracy of
a navigation system is inevitably affected by observation
noise. In addition, the outliers in the observations as erro-
neous constraints are also an important factor influencing the
accuracy (outliers i.e. the fault measurements). Therefore, the
positioning error of the navigation solution is mainly caused by
two parts: (1) The measurements noise: usually constructed as
a random Gaussian distribution with zero mean [37]. (2) The
outliers in observations: researchers studied how to remove
the outliers to get better results [38]. In short, the key to
quantifying the safety of the localization solution is to reliably
account for the errors arising from those two components.

In visual localization, several outlier rejection algorithms
have existed. The popular methods are random sample consen-
sus (RANSAC) and its variants [39], [40]. RANSAC algorithm
relies on the selection of the kernel parameter, which can
be slow and fail in the presence of high outlier rates [41].
On the other hand, the global optimization methods based on
branch-and-bound and mixed integer programming strategies
try to make the global outlier searching problem tractable
and faster [14], [42]. These methods could lead to a high
computational load and a satisfactory initial guess of the
state is required. Another method for outlier detection is the
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parity space approach, which projects the measurements into
a designed parity space, where the outliers can be highlighted
and detected [43]. However, even after the outlier exclusion
operation, system cannot 100% guarantee that there are no
outliers in the existing observations. So, outliers remaining in
the observations still have a negative impact on localization
accuracy, which is commonly ignored.

Interestingly, a widely used receiver autonomous integrity
monitoring (RAIM) theory in the GNSS field can be used to
estimate the positioning error. RAIM argues that positioning
errors are not only caused by the noise of measurements
but also related to the received satellite. Even after passing
the fault detection and exclusion (FDE) operation, received
satellite signals can still be fault observations [37], [38].
On this basis, RAIM calculates a statistical value called the
protection level (PL) to predict the localization error through
the principle of error propagation in state estimation. In other
words, PL aims to account for the maximal positioning error
that is caused by the measurement noise and the remaining
outliers that survived after FDE [37], [38]. Initially, the cal-
culation of PL was based on the assumption that only one
outlier is left in the observations [37]. The work proposed
in paper [38] extended the basic assumption from the single
outlier to multiple outliers.

Inspired by the RAIM theory in the GNSS field,
Legrand et al. extended the RAIM attribute from pure GNSS
to GNSS/INS localization system to evaluate the safety of
train movement [44]. Arana et al. leverage integrity monitoring
to quantify robot localization safety in GNSS-denied environ-
ments based on the extended Kalman filter and LiDAR/IMU
platform [45]. Mur-Artal and Tardés drew on RAIM to monitor
the safety of visual localization based on ORB-SLAM?2 [46]
and determined an approximate upper bound of the positioning
error by calculating the protection level [46], [47]. Dr. Zhu
proposed a preliminary visual positioning pipeline similar
to RAIM and focused on the error model of visual pixel
features for fault detection and elimination, but this pipeline
has not been systematically verified [48], [49]. Meanwhile,
these methods mainly rely on the single-outlier assumption
in PL calculation, which limits their generality for cases with
multiple faults. Moreover, the RAIM theory in GNSS only
considered safety quantification in the positioning domain,
but the safety quantification in the orientation is also equally
important for autonomous systems (e.g., AAVs), which is
not fully investigated. In this paper, a RAIM-inspired safety
quantification method is proposed to estimate the maximum
localization error under the multiple-outlier assumption, and
in both positioning and orientation domains.

C. Key Contributions of This Paper

This paper proposes a safety-quantifiable line feature-based
visual localization method with a LiDAR point cloud prior
map. The main contributions of this paper are summarized as
follows:

1) Pixel-level point-to-point line constraint model for
visual localization: By transforming the 2D-3D line
association-based optimization problem from minimiz-
ing the line-to-line distance model into a point-to-point
reprojection model, a new reliable pixel-level constraint

model based on line features is proposed for reliable
localization within the prior map.

2) Safety quantification considering multiple faults: A
RAIM-inspired safety quantification pipeline is pro-
posed, which accounts for the localization safety both
for the positioning and orientation domains. This paper
systematically derives the safety quantification process
by FDE and PL estimation under the multiple faults
situation.

3) A comprehensive framework for safety quantifiable
visual localization: This work proposes an integral
framework including visual localization and safety quan-
tification for autonomous systems. The effectiveness
of the proposed pipeline is verified with challenging
datasets collected by both AAV and AGV systems.
Moreover, a detailed analysis of the localization safety
towards the line features degeneracy is presented.

The rest of this paper is organized as follows. The overview
of the proposed system pipeline is given in Section II. The
methodology of the proposed visual localization with a prior
map based on line feature correspondences is presented in
Section III. In Section IV, the derivation of the safety quantifi-
cation is presented including the FDE, and the protection level
estimation considering multiple faults is presented. Experi-
mental results and discussions about the properties of PL and
feature degeneration are provided in Section V. Section VI
concludes this paper and outlines the future research direc-
tions. The Appendix supplements the details of the Jacobian
matrix used in Section III.

II. OVERVIEW OF THE PROPOSED METHOD

The proposed system pipeline is shown in Fig. 1. The sys-
tem mainly includes two parts: the visual localization module
and the safety quantification module. Firstly, a high-precision
3D point cloud as a prior map is generated in advance,
in which all 3D lines are extracted and stored offline [50].
Then the 3D lines are projected into image frames based on
the initial field of view (FoV) of the camera that is provided
by the pose estimation from the VINS [35] and a given
starting position. On the other hand, the images captured by
an onboard camera are used to detect 2D lines in real-time
(Section III-A). The two types of lines are matched into line
feature correspondences, which serve as the predictions and
measurements of the state optimization model for absolute
visual localization (Section III-B) in this prior map. Secondly,
the safety quantification is implemented based on a reliable
FDE and protection level calculation. Specifically, a Chi-
squared test is applied to detect outliers based on the weighted
residual iteratively (Section IV-B). After removing the detected
outliers, the surviving observations are re-input into the opti-
mization model for state estimation until the Chi-squared
test passes. Then, the protection level is estimated based on
the multiple fault assumption by quantitatively evaluating the
safety of the visual localization solution (Section IV-C).

The notations are defined as follows. (-)¥ is the world
frame, and the origin coincides with the prior map starting
point. (-)? is the body frame, and the origin is defined on the
inertial measurement unit (IMU). (-)¢ is the camera frame.
The translation vector and rotation matrix are represented by
R and t, respectively, and also by their corresponding Lie
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Fig. 1.

The framework of the proposed system. The 3D lines are extracted from prior 3D point cloud map in advance. The 2D lines are detected in the camera

frame online(see Section III-A) After giving the state initial guess by VINS [35], the two types of lines are matched as correspondences (see Section III-A),
which are observations for the optimization model (see Section III-B). Based on the residuals of optimization, a Chi-squared test is utilized to reject outliers
iteratively (see Section IV-B, fault detection and exclusion (FDE), i.e., outlier rejection). When the test is passed, a protection level (see Section IV-C) is

calculated to quantify the safety of state estimation.

algebra & [51]. Rﬁ), tbw means the transformation from the
world frame to the body frame, Ry}, t7 is from the body frame
to the camera frame. by is the subscript of the body frame
in k" image. The state variables in this paper are the pose
of UGV or AAV at world frame while taking the k" image,
expressed by R}fk and tgj{. P(X,Y, Z) is a 3D point and p(u, v)
means a 2D image pixel point. The notation of the Chi-Squared
distribution is x2.

III. STATE ESTIMATION: VISUAL LOCALIZATION
WITH PRIOR MAP

A. 2D-3D Line Matching

In this paper, the 2D lines are detected by a fast line detec-
tion (FLD) method [52], and are indicated by two endpoints
(ps, Pe) in 2D image. The line features existing in 3D point
clouds are extracted by a segment-based 3D line detection
method [50]. In the method, the 3D points are segmented by
planes and projected into a virtual image, then the 2D lines
detected on this image are re-projected into 3D space to get
line segments. Once the 3D lines are obtained, the dense point
cloud can be replaced by line segments that are represented
by two 3D endpoints (Ps, P,), and only these lines need to be
loaded during visual localization.

To get line correspondences, we first project the 3D lines
into the camera imaging plane according to the initial pose of
the camera from VINS. Then, these lines are matched with
the 2D lines captured from the actual world in this image
depending on the defined similarity criteria. The criteria in
this paper are mainly determined by the distance, angle, and
overlap between two line segments [14], [34], which are shown
in Fig. 2. Specifically, the general function of a 2D line / is

Ax+ By +C =0, (1)
the line distance D is defined as the sum of distances from
n equally interval sampling points (u;, v;),i = 1---n (con-

taining endpoints) on one line segment to the other (shown in
Fig. 2 (a)), the equation is,

n n
|Api + Bv; + C|
pD=>g=S ‘T 0T2 )

() (b
Fig. 2. An illustration of line similarity criteria. (a) The line distance is the
sum lengths of the dashed lines, denoted by > d;. The angle of two lines

0= Z(fl s fz) (b) the line overlap rate refers to the percentage of the orange
dashed line on the blue line.

Fig. 3. (a) The red lines in the image are the detected 2D lines by FLD
method; the blue lines are the projected lines from 3D map by VIO FoV, and
the FoV of green lines is based on our state estimation result (More details
can be seen in Section III-B). (b) The red and green line pairs are the valid
matching associations. The blue and purple lines are the rejected outliers (see
Section IV-B).

By assigning appropriate thresholds, which are experimen-
tally determined, the algorithm can obtain line correspon-
dences that meet requirements. Fig. 3 (a) shows the line
detection result at one camera frame, and Fig. 3 (b) is the
line matching result on this frame.

B. Point-to-Point Line-Based Optimization Model

Generally, the cost function among line features can be built
based on the sum of distances between line correspondences.
In this paper, the optimization model is transformed from min-
imizing the distance of lines to point reprojection error [51].
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Fig. 4. An illustration of line reprojection error from the 3D prior map to

the 2D image. A 3D point P(X, Y, Z) on [Y is projected into a camera image
with p(u, v) based on the transformation R, t. The foot point p- (l,L vf ) of
p(u, v) on [€ is found to build a pixel cost function that is m1n1mlzed

Assuming there is a line pair /1, [, the general function
of [1 is shown in (1), and the distance between them can be
calculated by the sum distance of the points on [, from I,
which is consistent with Equation (2). Take one point p(u, v)
on /> as an example, the distance from p to /; is equivalent
to the distance from the point p to its vertical foot point
p/ (uf, v7) on I;. This point-to-point distance is essentially
the same as the reprojection error in visual pose estimation,
both of them are used to represent the difference between the
coordinates of two-pixel points. Based on this, the objective
function can be built by minimizing the square sum of the
point pair error,

F=min2”pf—pHZ, 3)

where p/ and p are the measurement and prediction of this
function, respectively. The Q is the covariance of observations
and is experimentally determined. The coordinate of the foot
point pf (', v/) can be computed as

5 B*u—ABv-AC
- A2+ B2

5 A*v—ABu—BC

A%+ B? @

w Y

The specific process of constructing an optimization model
is illustrated in Fig. 4. Suppose there is a 3D line segment [ in
space at the time while the k" image is taken by the camera,
and one of its endpoints is P(X, Y, Z). The transformation
of the camera during this time from the world frame is

= [R]t] (corresponding to Lie algebra & [53]), the 3D
line [ is projected into the image plane of the camera shown
as [¢, which is matched with the line segment /¢ in this image.
Based on the pre-calibrated extrinsic matrix T¢,, this projection
model can be expressed as

s|v | =KT
1

X
2 y N
7 | =Kexp (£")P, )
1
where p(u, v) is the pixel location of the endpoint P(X, Y, Z)
in an image plane. s is the scale and K is the intrinsic matrix of
the camera [54]. The symbol A is a vector to skew-symmetric

conversion. Combined with the state variables we defined in
Section II, the transformation T, can be decomposed as

~ " b
RS, = R{ R%:
t;, = Ry, 0+ . (©6)

where Rzk and tzk refer to the transformation between the
camera and IMU at the k" image, which are invariant
parameters because the camera and IMU are fixedly mounted
on autonomous robots, so we have T} T; = Tj, and
this transformation can be obtained by ﬁle Jomt camera- IMU
calibration [55]. In our system, the initial guess of states T4, b
is provided by VINS [35].

In the image plane, After obtaining the prediction p(u, v)
based on (5), the measurement p/ (u/, v/) on the matched
line pair /¢ can be computed by (4). So the error function
depended on the point-to-point reprojection error can be shown
as

— )+ 0 =% (7)

Therefore, the cost function (3) can be rewritten by

e=p/ —p=@'

2

bl

Q
®)

where N is the number of line pairs on the current image.
The proposed method selects two endpoints from each set of
pairs as observations for the optimization model. Moreover,
the measurements p’ is a variable related to the state &.

1
p (1 &), &) - o Kexp (&) Pp)

C. Optimization Solver

For the non-linear optimization problem in this paper, The
Gauss-Newton (GN) method is employed and is implemented
by the Ceres solver [56] for solving. First, the error function
is linearized by Taylor expansion about x shown as

e(x + Ax) ~ e(x) + J T Ax. )

where x is the state variable, and J is the Jacobian matrix.
If the Jacobian matrix is known, given the initial guess of
states x, the optimization increment Ax can be obtained by

HAx =g (10)
where H is JTJ, g is —JTe [57]. Then the states are updated
by X;+1 = X; + AX, until the algorithm converges, where i is
the iterative index.

In terms of the Jacobian matrix in this paper, the proposed
method utilizes the perturbation model in Lie algebra to derive
it [51]. Based on the chain rule and (7), the derivation of each
error term with respect to the state variable can be calculated
by

/
Jo e C0ERH —e® dedp ol
06&  s£—0 o0& op 0P’ 05&
Here @ refers to the disturbance left multiplication in Lie
algebra, 8¢ is the perturbation value. The P’ is a point in the
camera frame, which is transformed by the 3D space point P
in the world frame, referring to Equation (5), we have

= (TP);3 =exp (§") P13 = [X, Y, Z']" (12)

The specific calculation procedure for the three components
of the Jacobian matrix in (11) can be found in Appendix A.
Therefore, the localization problem could be solved iteratively
based on the devised Jacobian matrices.
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IV. SAFETY QUANTIFICATION OF VISUAL
LOCALIZATION WITH PRIOR MAP

A. Observation Model

Considering the state estimation problem in the previous
section, a general observation equation could be constructed
as follows,

z="h(x) +e, 13)

where x is the state variable and € is the noise item. z is
the measurements, corresponding to the foot point p/. h(-)
is a nonlinear measurement model and corresponds to (5) in
Section III, which can be linearized by a first-order Taylor
expansion as shown in Section III-C to get an approximated
linear model,

2=JAx+e¢ (14)

where J is the Jacobian matrix. Z = z — h(x() is the shifted
measurement according to the operating point Xg (initial guess
of state variables). Here we assume that the error introduced
by the linearization is negligible. As in the case of visual
localization, the frame frequency is high and the movement
between successive frames is small, making the operating
point close to the state convergence value [58].

Generally, the noise item € is assumed to be a Gaus-
sian distribution with zero mean and a known covariance
matrix Q,

e~N(@0,Q). (15)

However, in this section a fixed bias b is added into the error
model as

e~N(b,Q). (16)

The bias b represents another source of error, here called
outliers, the details will be discussed in the following section.
For the linear problem in (14), we can solve it by the
weighted least squares method, and the solution is
Ax=JTWDH W2, amn
where W is the weighted matrix or information matrix and
is the inverse of noise covariance matrix Q, Note that the
Jacobian matrix J could be updated in each iteration.

B. Outlier Rejection

Referring to Zhu’s work [48], we could briefly classify the
errors associated with the raw measurements (line features in
this paper) in the proposed framework as follows. The first
category is the photometric noise caused by camera calibration
error, camera over-exposure, and motion blur. These errors will
affect the detection accuracy of line features and are expressed
as the covariance matrix Q of the error model in (16). The
second category is the fixed estimation deviations introduced
by outliers, and we use the bias b in (16) to represent the
effect of the outliers on the state estimation. However, it is
undeniable that the presence of outliers is associated with the
first category, as the category can cause feature misdetection
and mismatching.
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Due to the existence of noise and bias in measurements, the
results of state estimation could contain residual . Combin-
ing (14) and (17), the residual & can be written as

e=2—JA%=(1-P)32

P=JJ"WHJTW. (18)

In the actual calculation, the residual is obtained from the
optimization solver in the previous section.

To evaluate the quality of measurements, a weighted sum
of the squared errors (WSSE) [37] based on the residual is
defined as

e'We = [I1—-P)]z2 W[I - P)z), (19)
which can be further simplified as
¢ We=2 WA-P)z=12"S2
S=WI—-JJ"WH1JTw). (20)

Next, a Chi-squared test for WSSE is used to determine
whether there are outliers in the measurements:

2782 > xi ,(n —m) =TD, (21)

where, xlz_a(n — m) is the 1 — «a quantile of the central
Chi-squared distribution with n —m degrees of freedom (DoF)
[38]. n is the number of measurements, m is the number of
state variables, « is the probability of false alarm (Pr,) and
is set to 0.05 in this paper. TD is a threshold that can be
obtained by checking the x2 distribution table according to
the DoF and quantile 1 — «. If

2'Sz > TD, (22)

the probability of outliers existing in the measurements
is 1 —a (95%).

Because of the properties of the x2 distribution and the
error model (16), outliers in the measurements can be rejected
by (21). If the bias b in (16) is not equal to 0, the WSSE will
not fit a central x2 distribution but a non-central distribution.
The non-centrality parameter is A = b'Sh [38], which is
shown as

E#'Sz)— (n—m)=>b"Sb. (23)

Therefore, the central Chi-squared distribution in (21) cannot
be satisfied only if all outliers are theoretically removed from
the observations (i.e. the bias in the error model is equal
to 0). In this way, a greedy algorithm [47] can be applied
to iteratively exclude the observations corresponding to the
largest residuals (considered to be outliers) until the (21) is
satisfied.

C. Protection Level Estimation

Even if the Chi-squared test is passed, one or more outliers
may still remain in the measurements and the existence of the
potential outliers is denoted by the Pp,. Therefore, the error of
the localization results based on the surviving measurements
is mainly caused by two factors: (1) the potential missed
outliers described by the probability Py,. (2) the Gaussian
noise associated with the surviving measurements.

The general expression of PL can be expressed as

PL =P, +P,. 24)
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In particular, the first term is used to protect the bias-induced
error in localization, and the second term is used to bound the
noise-induced error. Meanwhile, this paper aims to consider
the case where multiple outliers are contained in observations
even after the Chi-squared test. Referring to RAIM and [47],
we divide the translation into the x, y, z, and rotation into the
roll, pitch, and yaw when calculating the PL in the proposed
method, and then use an index vector formed by O and 1 to
represent a state variable, for example

x:H; =1[1,0,0,0,0,0]; roll : H4y =[0,1,0,0,0,0]
y:Hy, =1[0,0,1,0,0,0]; pitch : H5 = [0, 0,0, 1, 0, 0]
z:H3=10,0,0,0,1,0]; yaw : Hg = [0, 0,0, 0,0, 1]. (25)
In terms of the first term in PL in (24), the bias vector

for the i* state can be given based on error propagation
and (17) [38]:

by =H; WD) 'J Wb, (26)
so the norm of the bias vector is
1671 = v Db
D = WIGTWD) H B ATWH W, @)

For the multiple-outliers case, assuming there are n measure-
ments in total, r of them have biases, and 1 < r < (n — m),
for example n = 7, r = 2. Since we do not know which
two observations are true outliers, An index matrix cluster
A; composed of 0 and 1 with size n x r is defined to
choose the two outliers from the seven observations, where the
observation referred to by number 1 is an outlier. For instance,

-
Alz[IOOOOOO] ’ (28)

0100000
which means the first and second measurements are outliers.
In this case, matrix cluster A; need to iterate through all

combinations of “two of seven”, which is denoted by C72 =
Tx6

= = 21, s0 j = 21 this cluster has 21 different matrices.
Then, the biases in observations can be selected iteratively by
bijj =A;b;, (29)

To make sure the PL is to bound the error caused by biases,
the maximum bias-induced error results from the example
n = 7, r = 2 needs to be calculated. However, since the
Chi-squared test has been passed, the condition b'Sh <TD
also needs to be satisfied [38]. Based on (27) and (29),
a constrained optimization model can be constructed as

Pb,- = max b;ﬁj = ,/b;;Dbij
= max ‘/blTATDiAjbi
AjeA,.b; /

s.t. b/ AJSA;b; = TD, (30)

where, S and D; can be found in (20), (27). According to [38]
this optimization question can be equally simplified by linear
algebra theory as follows,

maxbj; = max \/Anw(A DS (D)
J €AY

where, I' = TD, Anax(Aj, D;, S) is the largest eigenvalue of

ATDA;ATSA)™". (32)
By iterating through all A; and comparing the correspond-
ing largest eigenvalue of (32), we can obtain the maximum
bias-induced error in this direction.
On the other hand, the noise-induced error can be computed
by
Pn,- == ki

[JTWD~ i, (33)

where k is the number of the standard deviation. Empirically,
the k is set to 3, so-called three-sigma rule of thumb (or 3o
rule), the corresponding probability of the values that lie within
the 3o interval is 99.73% [59]. Substituting (31),(33) into (24),
we got,

PL; = max \/Amax(Aj. Di. ST + kiy[[ATWEH ;..

AjEAr

(34)

The integral calculation of PL can be obtained from the above
equation.

V. EXPERIMENT RESULTS AND DISCUSSIONS

The proposed framework is evaluated in real-world envi-
ronments using both the public indoor dataset for the AAV
and the outdoor dataset collected by UGV. We compare the
performance of the proposed method with other state-of-the-
art methods to evaluate the proposed optimization model
and the safety-quantification method. The root mean squared
error (RMSE) of absolute trajectory error (ATE) [60] is the
evaluation criterion of algorithm accuracy. All experiments
are implemented on a desktop with Intel Core 19-12900K and
Ubuntu 20.04. The proposed framework is developed by the
robot operating system (ROS) [61] and the C++ language.
In terms of the evaluation of the localization performance, the
algorithms compared include:

1) VINS: the VINS framework developed in [35].

2) Benchmark: the line-to-line visual localization method

developed in [34].

3) PPL: the proposed visual localization method without

outlier rejection.

4) PPL-OR: the proposed visual localization method with

outlier rejection.

To evaluate the proposed safety-quantification function, the
estimated PL is compared with the exact localization error.
It is certified as safe if the estimated PL could effectively
account for the potential error of the localization solution. The
comparison methods include:

1) 3o: a typical method used to represent the uncertainty
of the state [47], the computational model can be seen
in (33).

2) PL: the proposed safety-quantification model.

A. AAV Indoor Experiment

1) Dataset and Comparison Methods: The EuRoc MAV
(Micro Aerial Vehicle) dataset [62] is selected for evalu-
ation, which is collected by global shutter stereo cameras
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TABLE I
RMSE [60] OF ATE (M)

Sequence VINS Benchmark PPL  PPL-OR

[25] [24] [ours] [ours]

V1_01_esay 0.098 0.164 0.153 0.152
V1_02_medium 0.110 0.152 0.092 0.099
V1_03_difficult 0.189 0.217 0.186 0.161
V2_01_esay 0.096 0.192 0.185 0.166
V2_02_medium 0.167 0.281 0.155 0.136
V2_03_difficult  0.327 0.441 0.319 0.312

RMSE of ATE: The root mean squared error of absolute
trajectory error.

(Aptina MT9V034, WVGA burri2016euroc, 20 FPS), synchro-
nized IMU unit (ADIS16448, 200 Hz). The 3D point cloud
prior maps are constructed by a Leica MS50 with an accuracy
of about 1 mm, and the ground-truth states are obtained by
a Vicon (100 Hz) and Leica MS50. The dataset includes six
trajectories in two different rooms (V1 and V2), and there are
three separate tracks of varying difficulty in each room. The
MAV can be seen in Fig. 1. In particular, our current algorithm
applies the direct output of VINS without loop-closure for state
initialization. However, in the proposed framework, the 3D
point cloud prior map is introduced to compensate for VINS
drift while obtaining absolute localization results.

2) Verification of Optimization Model and Outlier Rejec-
tion: The comparison results of the pose estimation accuracy
of VINS [35], benchmark [34], and ours are presented through
the RMSE of ATE in Table I. It can be seen that the proposed
methods outperform benchmark in all scenarios. Specifically,
the average accuracy improvements of ours over benchmark
are 27.1% and 22.8% with and without outlier rejection (OR).
Among that, the difference between PPL (our method without
OR module) and benchmark is the optimization model based
on the line features. This experimental result validates the pro-
posed optimization model has better convergence performance
than benchmark. The medium and difficult datasets in Table I
refer to the fast flying speed and trajectory maneuverability
of AAVs, which is challenging for visual-based localization
methods. As shown in Table I, in medium and difficult scenar-
ios, the accuracy of our method with OR (PPL-OR) is 12.0%
and 35.4% better than VINS and benchmark, respectively.
This means that our method based on structured lines is more
resistant to disturbances in complex motion scenarios.

In addition, the proposed method with outlier rejection
(PPL-OR) generally has a better performance than PPL, which
reflects the effectiveness of the Chi-squared test-based outlier
rejection algorithm. Details about the OR efficiency are shown
in Fig. 5, which displays the variation of WSSE of four
keyframes as the outliers are detected and removed by a
greedy algorithm sequentially. The x-axis is the number of
outliers removed and the y-axis represents the residual of
the observation model. By sequentially rejecting the visual
outliers, the WSSE decreases.

3) Verification of PL: This subsection presents a protection
level-based safety quantitative analysis by taking the classic
V1_02_medium sequence as an example. In this experiment,
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Fig. 5. The plot of the relevance WSSE and the number of outliers. The
4 frames are selected from the V1_02_medium dataset. As the outliers are
detected and excluded in turn, the residual gradually decreases.

TABLE I

THE b, (%) OF PL / 30 WITH ERROR USING DIFFERENT NUMBER
OF OUTLIERS IN TRANSLATION AND ROTATION.
THE COVARIANCE IS 7-PIXEL2

Num 1 2 3
T 71.6%/ 19.6% 74.2%/ 19.6% 74.2%/ 19.6%
Y 75.7%/ 24.8% 76.8%/ 24.8% 76.8%/ 24.8%
z 71.3%/ 22.9% 73.5%/ 22.9% 73.5%/ 22.9%
roll  43.9%/ 20.8% 65.2%/ 20.8% 65.2%/ 20.8%
pitch  66.6%/ 31.0% 85.3%/ 31.0% 85.3%/ 31.0%
yaw  8.23%/ 1.99% 18.8%/ 1.99% 18.8%/ 1.99%

TABLE III

THE b, (%) OF PL / 30 WITH ERROR USING DIFFERENT COVARIANCE
ASSUMPTION IN TRANSLATION AND ROTATION.
THE NUMBER OF OUTLIERS IS TwWO

Cov. 3-pixel? 5-pixel® 7-pixel?
T 42.5%/ 7.51% 59.8%/ 13.5% 74.2%/ 19.6%
Y 47.1%/ 10.0% 64.2%/ 18.3% 76.8%/ 24.8%
z 48.0%/ 11.8% 61.3%/ 16.0% 73.5%/ 22.9%
roll  36.5%/ 11.0% 51.8%/ 153% 65.2%/ 20.8%
pitch  60.3%/ 14.8% 74.8%/ 22.5% 85.3%/ 31.0%
yaw  6.03%/ 0.81% 10.9%/ 1.53% 18.8%/ 1.99%

we compare the bound rate of PL and 30 (33) [47] on state
estimation errors, the bound rate b, can be computed as

(35)

where, n is the number of PL/30 > error, m is the number
of all frames. If the estimated PL could bound the actual error
of localization solution, it indicates that the proposed safety
quantification is effective.

The results of translation and rotation are shown in Fig. 6
and Fig. 7, respectively, expressed by XPL, YPL, ZPL, RollPL,
PitchPL, and YawPL. In Fig. 6, it is clear PL performs much
better than 30 for error bounding, with PL having more than
70% bound rate in all three directions, while 3o is only about
20% (see Table III). And it can be seen that PL has a similar
trend to the error in most cases. In Fig. 7, PL quantifies
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Fig. 7. The comparison results of protection level, 30, and estimation error in rotation under V1_02_medium sequence. The measurement covariance is

7—pixel2 and the number of outliers is set to two.

the error significantly better than 3o, but its performance is
uneven in three directions, especially in yaw rotation. The
main reasons for this phenomenon are the limitations of the
line features and the IMU sensor. In terms of line features,
since there are many horizontal lines in space, when the object
is rotated around z-axis to produce yaw rotation, the motion
will be parallel to the lines making the motion useless for
feature matching and state optimization, which is one of the
most common degradation symptoms of line features [31].

4) The Discussion on PL: ldeally, the PL should be able
to cover the error, but the facts contradict this. Based on
the derivation of PL in Section IV-C, the calculation of PL
is affected by bias-induced error resulting from outliers and
noise-induced error because of observation noises. Firstly,
the number of outliers existing in the current observations
after passing the Chi-square test is unknown. Secondly, the
noise covariance matrix of the visual measurements cannot be
obtained exactly, which is given empirically in this paper. All
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Fig. 8. (a), (b) two examples of the motion blur. (c), (d) two examples of
the feature degeneration. The blue and green lines are the feature matching
pairs.

these uncertainties are factors that can affect the performance
of PL estimation.

To gain more insight into PL, we evaluate the bound rate of
PL and 30 under different assumptions with multiple outliers
and noise covariances in Table II and Table III, respectively.
From Table II, it can be seen that increasing the number of
outliers can improve the bound rate of PL, but when the
number of outliers is set to 3 or more, it will not change,
indicating that the largest number of outliers in all sequences
is 2. In Table III, the measurement noise of the line feature
is set to 3, 5, and 7 pixels, respectively. In particular, the
measurement noise of a single pixel point feature is usually set
between 1-3 pixels [63]. Since this paper uses line features,
the detection of lines will introduce more errors than point
features. Also, the 3D line features extracted from the point
cloud map could impose observation error, so the covariance
assumption is amplified here. It can be seen from Table III
that as the covariance increases, the rate rises, which means
PL is getting larger. In summary, more outliers and larger
covariance increase PL, which is consistent with the definition
of PL for quantifying safety, where larger error noise could
lead to larger PL.

5) The PL and Feature Degeneration: It is well known that
when discussing localization safety, it is inevitable to consider
the impact of the feature quality on it [64]. Here, the quality
of features can be considered in terms of the feature detection
error and the feature distribution. In this paper, PL is used as a
metric for safety quantification, so we will discuss the impact
of features on the reliability of safety quantification around
anomalous PL values. The following analysis is done for two
special cases. First, near frame 400 in Fig. 6, the PL is too
conservative to bound the localization error. Two images in
the area around frame 400 are shown in Fig. 8§ (a) and (b).
It is clear to see that images suffer from severe motion blur,
which could potentially trigger additional detection errors
in feature measurements [48]. Since the feature covariance
that we assume during PL computation is not dynamically
changing, PL is unable to accurately estimate localization
errors in scenarios where feature detection errors increase,
which means that the safety quantification is inaccurate when
the feature detection error is suddenly large.
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Fig. 9. The comparison of condition number (CN) and protection level in
six transformation directions. The assumption of the measurement covariance
is 7-pixel and the number of outliers is set to two.

In the second case, the anomalous PL values were sig-
nificantly larger than the localization error and were not
informative, such as frame 200. In addition to the feature
detection errors described above, the spatial distribution of the
line features utilized for the localization is the other source
affecting the PL estimation. It is expected that the features
are evenly distributed within the field of view, which could
introduce ideal constraints. However, the features can flock
together where the degeneration of the state estimation will
occur [65]. To assess the impacts of the feature distribution
on the localization performance, the condition number (CN)
is introduced in [66]. In particular, CN is determined by the
ratio between the maximum and minimum eigenvalues of J ' J,
which can be shown as

Omax

(36)

K =

Omin

where the J denotes the Jacobian matrix of the visual line
constraint, which is rigorously derived in the appendix of this
paper. A low condition number means being well-conditioned,
while a high condition number indicates ill-conditioning.

Fig. 9 displays the CN and PL in six directions. As seen
from the figure, PL has a highly consistent trend with CN at
the anomalous mutation, which indicates these frames have
ill-conditional constraints and feature degeneration. Based on
this discovery, we can conclude that feature degeneration
largely causes exceptional maxima peaks in PL. On the other
hand, we could utilize PL to remind the feature degeneration
phenomenon during state estimation to avoid serious opti-
mization failures. Fig. 8 (c) and (d) show two typical feature
degeneration scenarios. It is clear that most of the features
in images are parallel, which makes the constraint with its
vertical direction very weak, resulting in an ill-conditioned
case.

B. UGV Outdoor Experiment

1) Experiment Setup: The UGV experiment is conducted
on the CARLA simulator [67] and real-world environment in
the Hong Kong Polytechnic University (PolyU) campus. The
real-world UGV platform used in this experiment is shown
in Fig. 10 (a). The detailed sensor module is displayed in
Fig. 10 (b), which contains a LiDAR (HDL 32E Velodyne,
10 Hz), an IMU (Xsens Mti 10, 200 Hz), and a RealSense
camera (D435i, 640 x 480, 30 Hz). The dataset is collected
by driving around a square on the Hong Kong Polytechnic
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RealSense
(b)

Fig. 10. (a) The UGV platform loaded with customized sensor unit. (b) The
detailed Sensor unit including LiDAR, IMU, and RealSense camera.

(@)

Fig. 11.  (a) The regional point cloud of the Hong Kong Polytechnic
University. (b) The corresponding Google 3D map of the same area. The
red line indicates the trajectory of the UGV during the testing.

University (PolyU) campus (Fig. 11). The total path length is
295.5 m. The IMU data and images captured by RealSense
are the input of VINS. The data from LiDAR and IMU are
processed by LIO_SAM implementation [68], and used to
build a prior point cloud map shown in Fig. 11 (a), the origin of
this 3D map is defined at the starting position of the IMU. The
trajectory estimated by LIO_SAM is regarded as the ground
truth of localization. With the help of the LiDAR loop closure,
centimeter-level accuracy can be obtained from the LIO_SAM
in the evaluated scene.

In CARLA simulator, a vehicle equipped with a 64-channels
LiDAR (rotation frequency 100, range 200m), IMU (100Hz,
measurement noise 10_2), bias random walk 107?), and a
monocular camera (resolution 900 x 600, FoV 90 degree)
derived around a town to construct prior point cloud map and
dataset. The view of the town and the trajectory of the vehicle
are shown in Fig. 12. In this town, we run three different routes
with lengths of 1km (red trajectory labeled with CARLA_01),
2km (green trajectory labeled with CARLA_02), and 3km
(blue trajectory labeled with CARLA_03). The speed of the
car is 30km/h. These three paths pass through a variety of
scenarios, such as urban canyons, tunnels, and shrubs, which
are used to verify the effectiveness of our algorithm compared
to the VINS and benchmark. Accordingly, similar evaluation
criteria and comparisons with AAV experiment are adopted in
this section.

2) System Evaluation: Table IV lists the RMSE of ATE
comparison results of the proposed method with VINS and
benchmark. It can be seen that our method outperforms others

Fig. 12. (a) The Carla simulation town and three driving trajectories with
different lengths. (b) A scene in the town. (c) The tunnel scene marked by
the red circle in the figure (a).

TABLE IV
RMSE [60] OF ATE (M)

Dataset VINS Benchmark PPL  PPL-OR
[55] [54] [ours] [ours]

PolyU 1.688 2.191 1.607 1.602
CARLA_01 2.380 3.626 2.137 1.931
CARLA_02 4.613 4.312 3.677 3.321
CARLA_03 7.894 7.986 7.733 7.311

RMSE of ATE: The root mean squared error of absolute
trajectory error.
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Fig. 13. The position and orientation error of PPL-OR compared with VINS.

in CARLA simulated dataset and real-world environment.
Specifically, As the running trajectory grows gradually in
CARLA dataset, the proposed methods have higher accuracy
than VINS by 18.91%, 27.98%, 5.10%, and than benchmark
by 46.83%, 22.97%, 8.46% in 1-3km. Meanwhile, our method
(PPL-OR) improves the localization accuracy by 5% and
26.9% over VINS and benchmark in the real-world environ-
ment. Fig. 13 presents the estimation errors of translation and
rotation, it is clear our algorithm is able to reduce the drift
problem of VINS to some extent, which is evident in the z
and yaw motions, while the errors in other directions can be
offset periodically because the UGV trajectory is a constantly
repeating circular motion. However, as the path keeps getting
longer and the VINS drift increases, the effectiveness of
our algorithm for removing the cumulative error gradually
diminishes (see Fig. 13) because the proposed method uses
the output of VINS as the initial guess.

Additionally, the time statistics of VINS, benchmark, and
our method on three datasets are displayed in Table VI,
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TABLE V
THE b, (%) OF PL WITH ERROR USING DIFFERENT NUMBERS
OF OUTLIERS IN TRANSLATION AND ROTATION WITH
COVARIANCE IS 7-PIXEL
Num. T Y z roll pitch yaw
1 83.1% 662% 508% 64.6% 539% 5.13%
2 85.1% 692% 549% 66.7% 56.4% 5.64%
3 85.1% 692% 549% 66.7% 564% 5.64%
The bound rate of six directions with different covariances
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Fig. 14. The bound rate (b,) of six directions with different measurement

noises from 3-pixel to 15-pixel. The red dash line means the b, = 95%. The
covariance corresponding to the black line is 13.1—pixe12.

TABLE VI
TIME STATISTICS OF FEATURE PROCESSING / OPTIMIZATION TREADS (MS)

Datasets VINS Benchmark  PPL-OR
[55] [54] [ours]

EuRoC 58/154 113/75 99/1.5

PolyU 29/233 56/4.8 48/13

CARLA_01 8.2/20.1 489/52.1 465/1.8

where Feature Processing includes the feature detection and
matching modules. Optimization consists of pose estimation
and marginalization modules. The optimization computation
of our method is fast due to the fact that we use fewer
line constraints than point constraints during pose estimation,
as well as the proposed outlier rejection module refines the
constraints to accelerate the convergence of the estimator.
However, on the CARLA dataset, the feature processing mod-
ule of the prior-map based methods has significantly increased
in time consumption. This is because the prior line maps are
large in size, which requires the algorithm to spend more
time completing cross-modal matching. Overall, our algorithm
satisfies the real-time requirement while loading a reasonable
prior line map. Therefore, in practice, maintaining the size of
the loaded prior map within a rational range is vital to the
real-time performance of the method.

3) PL Result: Based on the discussion of PL in the previous
subsection, the safety quantification of UGV in the real-world
environment is verified by adjusting the number of outliers
and the covariance of measurements. By fixing the covariance
to 7 pixel?, the relationship between the bound rate of PL and
the number of outliers is shown in Table V. It is clear that
the number of residual outliers in the UGV dataset is two,
which is the same as the AAV experiment. Next, by fixing
the number of outliers to 2 and changing the covariance from
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TABLE VII

THE by (%) OF PL / 30 UNDER S1X TRANSFORMATION DIRECTIONS
WITH COVARIANCE Is 13.1-PIXELZ AND OUTLIERS ARE 2

x y z roll pitch yaw
PL 939% 89.7% 882% 85.6% 80.5% 7.69%
30 40.0% 164% 6.67% 20.5% 12.8% 0.51%
- “‘\ ‘5\ - ‘A oot f vansiaion and s contion s “,‘ — ==
éaw« o N AR ’A»MV J \ \,JM MW‘N N

YPL m]

20 0 s o 100 20 10 60 100
i T T T T T T T T
ab [\—2
‘ |
FiAAL 1 )\ A A
AN LTS AL AN I o AN

80 100 120 140 160 180 00
L

T‘“‘ \U ﬂ ‘“‘ A\D 5\0 T T T T L) T
H ‘A‘ ‘H ‘H A

:

—

| LA n I W | | ==
29| 4 A ANV N\ A T ATINA A
Al [\~ A\ \ ISV T AWNL \

0

ZPL [m]

A
A

}Z

0 20 40 60 80

Fig. 15. The CN and comparison of protection level, 3o, and error in
three translation directions. The assumption of the measurement covariance
is 13.1-pixe]2 and the number of outliers is set to two.
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Fig. 16.  The comparison results of protection level, 30, and error in
three rotation directions. The assumption of the measurement covariance is
13‘1-pixel2 and the number of outliers is set to two.

3-pixel? to 15-pixel?, the trends of the bound rate of the PL in
six directions are shown in Fig. 14. As seen from the figure,
the bound rates of the PL in six directions gradually level off
when the covariance is equal to 13.1-pixel® (the black line).
In particular, the bound rate in x-direction is infinitely close
to 95% (the red dashed line), which is consistent with the
probability (1 — «) set in the outlier rejection section. Based
on this figure, the final covariance in the UGV experiment is
set to 13.1-pixel?, and the corresponding bound rates of PL
and 30 are shown in Table VIIL. Fig. 15 and Fig. 16 are the
trends of PL, 30, error, and the ICN in translation and rotation,
respectively.

4) Discussion: In terms of accuracy improvement, the pro-
posed method can eliminate the cumulative drift of VINS to a
certain extent by using prior map-based localization. However,
because of the loosely coupled form with VINS, the proposed
method is greatly influenced by the initial guess of the state
from VINS, and when the drift is severe, our method will have
difficulty converging (Fig. 13). Furthermore, the measurement
noise of the line feature in UGV dataset is about 13 pixels,
which is even greater than the noise in AAV experiment.
Excluding the noise of 2D line feature detection in images,
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the 3D line detection in point cloud map could induce more
errors than AAV experiment because of the low-precision point
cloud. It follows that the denseness and precision of the point
cloud map are also important factors affecting the performance
of the algorithm and the PL calculation, as they impact the line
detection and the error model.

Meanwhile, the same to the AAV experiment, the per-
formance of PL is particularly poor at the yaw rotation.
Comparing the localization error and PL of the yaw axis
with the roll and pitch axes in Fig. 7 and Fig. 16, it is
obvious that the overall error of the yaw axis is larger than
the others, and the PL is indeed smaller. Apart from the
degeneration caused by the poor geometry of the visual line
features, the error involved in the IMU is another source
leading to the conservative estimation of the PL. On the one
hand, the yaw angle of the IMU is not directly observable
by the system [69]. On the other hand, the circular trajectory
of the UGV experiment leads to additional challenges for the
yaw estimation, which will excite more errors on the yaw.
As a result, the accuracy of the initial guess of the state
from the VINS is not guaranteed, which can lead to poor
estimation of the yaw. This phenomenon is shown in the
yaw axis of Fig. 13, which presents a severe divergence trend.
In summary, the above-mentioned reasons are leading to the
poor performance of PL on the yaw axis.

VI. CONCLUSION AND FUTURE WORK

This paper presents a safety-quantifiable line feature-based
monocular visual localization framework with point cloud
maps. A new point-to-point line constrained optimization
model is built to achieve accurate and robust localization
in point cloud maps to eliminate cumulative drift occurring
in relative positioning. Furthermore, a safety quantification
strategy motivated by RAIM system is introduced into the
current autonomous systems to evaluate the maximum value
of the state estimation errors, including three translation and
three rotation directions with multiple faults assumption. The
experimental results on AAV and AGV platforms show that
the proposed method outperforms the comparison algorithms
in accuracy and robustness, and the error quantification of
PL for state estimation is efficient in the multiple outlier
assumption as well as in the translational and rotational
motions. We also provide an open-source implementation to
benefit the community.

There is still potential for improving our algorithm. For
instance, the current system’s loosely coupled model with
VINS has limitations in enhancing localization accuracy.
Future work could explore a tightly coupled approach to
improve precision and make fuller use of prior 3D map
information, such as surface structures, to further refine the
algorithm’s performance. Moreover, the impact of prior map
size on computational efficiency also needs to be considered.
When the prior map has a large coverage area, the calculation
can be accelerated by adjusting the map storage data structure.
Meanwhile, the updating of the prior map also needs to be
considered. The performance of PL predicting localization
errors can be improved by incorporating dynamic error models
and assessing feature quality, while also addressing practical
challenges like sensor noise, poor lighting, and environments
with sparse textures. In this study, the computed PL is used

solely to predict state estimation errors. A promising direction
for future research is to explore its broader applicability
within robotic systems. Inspired by the GNSS domain [70],
we could predefine a safety-related localization accuracy
threshold and utilize PL-predicted errors to evaluate whether
the current localization results meet operational requirements,
enabling safer real-world robotic deployments. Additionally,
PL’s potential applications extend beyond localization; its error
predictions could also be leveraged in mapping and planning
processes, opening new avenues for exploration.

APPENDIX A
THE DERIVATION OF JACOBIAN MATRIX
The analytical expression of the Jacobian matrix of the error
function e with respect to state variables is derived in this
section. We know the Jacobian can be computed by the chain
rule, like this

de Iim e(BEDE) —e) de op P
98k 560 5& ~ Op P 98E’

And we need to solve each partial derivative of this equation,
the first item based on (4) and (7) can be computed by

de de de
%[5 %]
S A+ B2 AB(W -+ B2 - |

For the second item, according to (5) and (12), P’ is a projected
point in the camera frame and its pixel location p(u, v) on the
image plane is
sp = KP/,
/! Y/

X
szX?-’_CXa szy?+Cya

(37

(39)
(40)

fx» fy, cx and ¢, is the intrinsic parameters of the camera,
X/
3[) o O Op Sx 0 S
_ 7 7 7 _ 7/ Z/Z
I |: 9X 38)’ 33 _ 5 _ny’ . (41)

J
op’ % 37 37
For the third part, P’ = TP and give T a left perturbation
AT = exp (8¢"), whose Lie algebra is §& = [8p, 3¢]" [51],
then,

d(TP) _ . oxp(96")exp (§") P —exp(§") P
A8E  sE—0 6§
i (08" exp (") P —exp (61 P
5E—0 3¢
= lim _(SgA cxp (g/\) P
SE—0 5&

5¢" Sp [ [RP +1t
, (| L) 1
= lim

SE—0 5&
[(Sqﬂ (RP +t) +8p]
OT
= lim
50 [8p, 817
I —(RP+t)"
= OT 0T )

(42)
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taking out the first 3 dimensions, we have

P
P = [I —P’A], 43)
where,
0o z -Y
P "=(-Z 0 X 44)
Y =X 0

Merging formula (38) (41) and (42), the final Jacobian matrix
can be solved as

oe
= 90E = —m”l, J2, I3, Ja, Js, Jel, (45)
among that,
J:
Jq Zm?x/
f:
J =n?);
mf X' +nf,Y
J3 = —T
mf X' +nf,Y
Jy=—nfy = =Y
mf X +nf,Y
Js=mfc + %X’
fxY’ X
Joe = —m 77 +n7, (46)
with,
m=A*(u) — p)+ ABO —v)
n=ABu —u + B>/ —v) (47)
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